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Summary

This paper proposes a strategy to perform amplitude
versus angle (AVA) imaging and rock physical properties
inversion by applying the conjugate gradient (CG)
method on a ray-based Kirchhoff migration/inversion
scheme in the angle domain. The idea is to use the
Kirchhoff integral formulation to estimate rock physical
parameters directly from pre-stack seismic data. To
improve the vertical resolution a non-quadratic regular-
ization strategy is also proposed. The implementation of
this method shows a successful delineation of subsurface
structures and an accurate recovering of local changes in
rock physical properties for a 2D model.

Introduction

Imaging using ray based Kirchhoff migration/inversion
is a very common application in exploration geophysics
(Gray and May, 1994). Nowadays, the goal of migration
has changed its focus from imaging subsurface structures
to recovering elastic properties (Beydoun and Mendes,
1989). As the rock physical parameters are not related
linearly to the seismic reflection data (Lumley and Bey-
doun, 1997), usually, the inversion for elastic constants is
performed in two steps:

1) Pre-stack seismic data are transformed to common im-
age gathers (CIGs) by migration or inversion. This step
requires a migration algorithm for complex media that
preserves amplitudes.

2) Using approximations to the Zoeppritz equations (Aki
and Richards, 1980; Shuey, 1985; Fatti et al., 1994) trans-
form the CIGs to perturbations of the elastic parameters
(Beretta et al., 2002; Li et al., 2003).

Generally, pre-stack migration and AVA (or AVO) anal-
ysis technologies are developed by people with different
goals in mind, and, consequently, AVO-based analysis
of rock properties are rarely incorporated into sophisti-
cated migration procedures (Xu, 2003). Pre-stack migra-
tion has great advantages at the time of imaging com-
plex geological structures over other seismic processing
schemes. Therefore, integrating AVO and imaging to-
gether should lead to a new class of algorithms capable of
imaging the Earth’s interior and retrieving the physical
properties (Downton and Lines, 2003).

Our imaging technique is mainly based on the work de-
veloped by Bleistein (1987; 2001; 2002a; 2002b) and Xu
et al. (2001) on Kirchhoff migration/inversion. In partic-
ular, we implement our algorithm as a regularized least-
squares migration problem where we estimate elastic pa-
rameter perturbations directly from the pre-stack data
volume. Moreover, to obtain high resolution results, a

non-quadratic regularization term, which is expressed as
a Cauchy constraint (Ulrych et al., 2001), is used to en-
force vertical sparseness.

Methodology

Commonly, a linear scattering problem is described as

d = WLm+ n , (1)

where d denotes the pre-stack seismic data, m refers to
the model (CIG gathers), n denotes additive noise, W
represents the wavelet, and L represents the Kirchhoff
forward operator. In the frequency domain, the above
equation can be written as

d(s, r, ω) = iω

∫
m(x, θ)A(r,x, s)[n.∇τ(r,x, s)]

eiωτ(r,x,s)W (ω)d3x , (2)

where s, r denote the source and receiver position, respec-
tively. The variable ω refers to the angular frequency, θ
refers to the reflection angle, the arbitrary space position
is defined by x, A refers to the amplitude (geometrical-
spreading factor from source s to receiver r via x) and τ
refers to the traveltime. Both A and τ can be calculated
by target oriented dynamic ray-tracing on a macro veloc-
ity model. Note that the image m is related to the vector
of physical parameters p via a Zoeppritz forward operator
Z,

m = Zp . (3)

For PP reflections, Aki and Richards (1980) provide the
following approximation to the Zoeppritz operator
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where ρ, vp, vs are the average density, P-wave velocity
and S-wave velocity of two adjacent layers respectively.
Furthermore, 4ρ, 4vp, 4vs are the difference in density,
P-wave velocity and S-wave velocity of two adjacent layers
respectively. The angle θ is the average of incidence and
transmission angles. In the case of negligible difference in
the elastic parameters, this angle θ can be approximated
by the reflection angle.
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Combining equation (1) and equation (3), the seismic
data can now be expressed by

d = WLZp+ n. (5)

Since equation (5) lies in the category of ill-posed prob-
lems; there is no perfect solution to it, therefore, a
constrained least squares approach is used to retrieve a
unique and stable solution. Moreover, the Conjugate
Gradients (CG) algorithm is used to avoid the calcula-
tion of the inverse of large operators generated during
least squares inversion (Feng and Sacchi, 2004). The CG
method finds a solution by directly minimizing the cost
function which, in our case, is the sum of a data space
misfit and model space regularization terms.

We then estimate p from d by minimizing the following
cost function J :

J =
∣∣∣∣d−WLZp

∣∣∣∣2 + µ1

∣∣∣∣ ∂p
∂x1

∣∣∣∣2 +

µ2

∣∣∣∣ ∂p
∂x2

∣∣∣∣2 + µ3R(p) , (6)

the first term is the misfit, a figure of data reconstruction
fidelity, the second and the third terms are first order
model derivatives, which enforce a smooth solution along
the horizontal plane; the last term, R, is a Cauchy model
norm used to impose vertical sparseness to the final solu-
tion or, in other words, to gain vertical resolution (Sacchi,
1997). In addition, the form of the Cauchy norm for an
arbitrary vector of parameters x1, x2, . . . , xN is given by

R(x) =

N∑

i=1

ln(1 +
x2
i

σ2
c

) ,

where σc is a parameter used to control the degree of
sparseness of the solution. Notice that the non-quadratic
term (Cauchy norm) leads to a non-linear optimization
problem. The minimization of the above cost function
requires an important computational effort that we would
like to avoid. Thus, equation (6) is rewritten as

J1 =
∣∣∣∣d−WLZp̂

∣∣∣∣2 + µ1

∣∣∣∣ ∂p̂
∂x1

∣∣∣∣2 +

µ2

∣∣∣∣ ∂p̂
∂x2

∣∣∣∣2 + µ3||p̂||2, (7)

J2 =
∣∣∣∣p̂− Cp

∣∣∣∣2 + µR(p) , (8)

where p̂ is the smeared solution of p, and C is a time-
variant convolutional operator. Equation (7) is minimized
using the method of Conjugate Gradients, whereas J2

is minimized using a non-linear optimization scheme de-
scribed in Sacchi (1997). Optimization strategies for a

direct and efficient computational scheme capable of min-
imizing (6) are under development.

Examples

A 2D acoustic geological model is created to test the
accuracy of the proposed inversion (Figure 1A). The
model is composed of 7 layers, including a fold, a pinch
out and interfaces with topography. The synthetic data
set (Table 1) was calculated using a finite-difference
modeling program provided by Seismic Unix (Center for
Wave Phenomena, Colorado School of Mines). The data
are sampled every 4 ms.

Number of Shots 51
Number of Receivers 51×201
Shot Spacing (m) 20
Receiver Spacing (m) 20
First shot position (m) 2000
First receiver offset (m) 2000

Table 1: Acquisition geometry for the 2D synthetic model.

The synthetic data set was inverted for physical proper-
ties p = [∆v/v,∆ρ/ρ]T using the method outlined above.
The recovered structural image is clear and correct (Fig-
ure 1B and 1C). The common image gather at x = 3600
meters (Figure 2A) shows coherent and continuous events
for a wide range of reflection angles. Notice that this
gather is generated by mapping the parameter vector p
to the common image gather panel m using equation (3).
This is an important difference with respect to earlier
strategies proposed by Kuehl and Sacchi (2003) where
lateral smoothness was directly imposed on the common
image gather rather than on the vector of parameters p.

The picked AVA (Figure 2B) matches the theoretical val-
ues for angles within the domain of illumination. The
theoretical equation for the AVA curve (Acoustic PP re-
flection) is given by

R(θ) =
ρ2v2 cos θ1 − ρ1v1 cos θ2

ρ2v2 cos θ1 + ρ1v1 cos θ2
, (9)

where R(θ) is angle dependent reflectivity, ρ1, ρ2, v1, v2

are densities and velocities of upper and lower layers re-
spectively, θ1, θ2 are the incident and transmitted angles
respectively.

The comparison between the inverted results and true
physical properties shows a good agreement with the
perturbations computed using the true velocity/density
model (Figure 3). As no energy losses due to transmis-
sion is included in this algorithm, the accuracy of the
inversion degrades for deeper horizons.

Conclusions

We have proposed an AVA and physical parameter in-
version algorithm. The main advantages of the proposed
method are: 1) structural complexity can be incorporated
in the AVA/AVO estimation problem, 2) regularization
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methods can be easily incorporated to enhance the spatial
continuity of reflectors, 3) acquisition footprints can be
minimized by incorporating data space weights (Sacchi
and Kuehl, 2003), 4) AVA/AVO analysis can be obtained
as a byproduct of pre-stack migration/inversion, and
finally, 5) ray based Kirchhoff least-squares migration can
be efficiently implemented in a target-oriented scheme.
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Fig. 1: Acoustic geological model for the synthetic data set (A), and corresponding inverted model for 4vv (B) and 4ρρ (C) before

applying sparse inversion.
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Fig. 2: Inverted CIG of the synthetic data at x = 3600 meters (A), and corresponding picked AVA (R1-R6) curves for six layers (B).
Dash lines represent the picked AVA curves, solid lines indicate the theoretical curves.
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Fig. 3: The comparison between the inverted and true velocity (A), density (B) perturbations at x = 3700 meters. The smeared
inversion (top), perturbations after sparse inversion, (middle), and the true perturbations (bottom).
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