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Introduction

(a) Irregularity caused by obstacles (Trad,2008). (b) Irregularity caused by feathering
(Eiken et al.,2003). 

Many factors, such as obstacles and featherings, will lead to irregular distributions of seismic
sources and receivers.
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1. Natural observed irregularity
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CS-based irregular grid Desired regular grid
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2. Human-made irregularity



Methods (EPOCS vs. I-FMSSA)
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EPOCS
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• POCS

• EPOCS

• Sinc-Kaiser interpolator 

<latexit sha1_base64="q27P4qDCKQuFr56yUOms7eqgZz0="></latexit>

dk+1 = W⇤bdobs + (I�W⇤W)STTk (Sdk)

<latexit sha1_base64="2F+iJX5JFJ+ahXge4eoBCoU3jqg=">AAACGXicbVDLSsNAFJ34rPFVdelmsBHERUm6UHFVcOOygn1AU8vNdJIOnTyYmSgltJ/hxl9x40IRl7ryb5y2WWjrgQuHc+7l3nu8hDOpbPvbWFpeWV1bL2yYm1vbO7vFvf2GjFNBaJ3EPBYtDyTlLKJ1xRSnrURQCD1Om97gauI376mQLI5u1TChnRCCiPmMgNJSt2hblpm5BDhuju5OL8djzISgQcpBuIIFfQVCxA84l0zL6hZLdtmeAi8SJycllKPWLX66vZikIY0U4SBl27ET1clAKEY4HZluKmkCZAABbWsaQUhlJ5t+NsLHWulhPxa6IoWn6u+JDEIph6GnO0NQfTnvTcT/vHaq/ItOxqIkVTQis0V+yrGK8SQm3GOCEsWHmgARTN+KSR8EEKXDNHUIzvzLi6RRKTtn5cpNpVSt5HEU0CE6QifIQeeoiq5RDdURQY/oGb2iN+PJeDHejY9Z65KRzxygPzC+fgDE3p+B</latexit>

W⇤ : irregular ! regular
<latexit sha1_base64="qZMLIKwD8lW/EfEp8jv5Zp79s0Q=">AAACGHicbVA9TwJBEN3DLzy/Ti1tNoKJFd5docaKxMYSE/lIgJC5ZYENe7eX3T0NucC/sPGv2FhojC2d/8YFrlDwJZO8vDeTmXlBzJnSrvtt5dbWNza38tv2zu7e/oFzeFRTIpGEVongQjYCUJSziFY105w2YkkhDDitB8PbmV9/pFIxET3oUUzbIfQj1mMEtJE6zkWxaKctAhzXxzeTyQRL2k84yJZk/YEGKcUTZjIT7WKx4xTckjsHXiVeRgooQ6XjTFtdQZKQRppwUKrpubFupyA1I5yO7VaiaAxkCH3aNDSCkKp2On9sjM+M0sU9IU1FGs/V3xMphEqNwsB0hqAHatmbif95zUT3rtspi+JE04gsFvUSjrXAs5Rwl0lKNB8ZAkQycysmA5BAtMnSNiF4yy+vkppf8i5L/r1fKPtZHHl0gk7ROfLQFSqjO1RBVUTQM3pF7+jDerHerE/ra9Gas7KZY/QH1vQHijefbQ==</latexit>

W : regular ! irregular

(Jiang et al., 2017 )

(Abma and Kabir, 2006) 

Interpolation operator

Sampling operator

• S is a promoting transform
• Tk is the iterative hard thresholding operator <latexit sha1_base64="t9CNj/NIgwoFF9fFsllK8A9EWIE="></latexit>

dk+1 = dobs + (I� R)STTk (Sdk)

<latexit sha1_base64="i0fANSWMD//xngPATGoaWH8QNgQ="></latexit>

Rij =

(
1 if one trace is assigned to grid point (i, j)

0 if grid point (i, j) is empty



I-FMSSA

<latexit sha1_base64="3HNeQU6DpfJzsg0r6ydRdjZSuec="></latexit>

dk+1 = P[dk � �W⇤(Wdk � dobs)]

• I-FMSSA: Projection operator = FMSSA
• I-MSSA: Projection operator =MSSA

<latexit sha1_base64="2F+iJX5JFJ+ahXge4eoBCoU3jqg=">AAACGXicbVDLSsNAFJ34rPFVdelmsBHERUm6UHFVcOOygn1AU8vNdJIOnTyYmSgltJ/hxl9x40IRl7ryb5y2WWjrgQuHc+7l3nu8hDOpbPvbWFpeWV1bL2yYm1vbO7vFvf2GjFNBaJ3EPBYtDyTlLKJ1xRSnrURQCD1Om97gauI376mQLI5u1TChnRCCiPmMgNJSt2hblpm5BDhuju5OL8djzISgQcpBuIIFfQVCxA84l0zL6hZLdtmeAi8SJycllKPWLX66vZikIY0U4SBl27ET1clAKEY4HZluKmkCZAABbWsaQUhlJ5t+NsLHWulhPxa6IoWn6u+JDEIph6GnO0NQfTnvTcT/vHaq/ItOxqIkVTQis0V+yrGK8SQm3GOCEsWHmgARTN+KSR8EEKXDNHUIzvzLi6RRKTtn5cpNpVSt5HEU0CE6QifIQeeoiq5RDdURQY/oGb2iN+PJeDHejY9Z65KRzxygPzC+fgDE3p+B</latexit>

W⇤ : irregular ! regular
<latexit sha1_base64="qZMLIKwD8lW/EfEp8jv5Zp79s0Q=">AAACGHicbVA9TwJBEN3DLzy/Ti1tNoKJFd5docaKxMYSE/lIgJC5ZYENe7eX3T0NucC/sPGv2FhojC2d/8YFrlDwJZO8vDeTmXlBzJnSrvtt5dbWNza38tv2zu7e/oFzeFRTIpGEVongQjYCUJSziFY105w2YkkhDDitB8PbmV9/pFIxET3oUUzbIfQj1mMEtJE6zkWxaKctAhzXxzeTyQRL2k84yJZk/YEGKcUTZjIT7WKx4xTckjsHXiVeRgooQ6XjTFtdQZKQRppwUKrpubFupyA1I5yO7VaiaAxkCH3aNDSCkKp2On9sjM+M0sU9IU1FGs/V3xMphEqNwsB0hqAHatmbif95zUT3rtspi+JE04gsFvUSjrXAs5Rwl0lKNB8ZAkQycysmA5BAtMnSNiF4yy+vkppf8i5L/r1fKPtZHHl0gk7ROfLQFSqjO1RBVUTQM3pF7+jDerHerE/ra9Gas7KZY/QH1vQHijefbQ==</latexit>

W : regular ! irregular

Projection operator = FMSSA (or MSSA)

• I-FMSSA (with low rank constraint)

(a) (b) x

y

x

y
<latexit sha1_base64="0XEKFT6t/F/JTNab0ElcPrYBnrg=">AAACA3icbVDLSsNAFJ3UV62vqDvdDDZCBSlJF+qy4MZlBfuAJoTJdNKOmTyYmRRLCLjxV9y4UMStP+HOv3HaZqGtBy4czrmXe+/xEkaFNM1vrbSyura+Ud6sbG3v7O7p+wcdEacckzaOWcx7HhKE0Yi0JZWM9BJOUOgx0vWC66nfHRMuaBzdyUlCnBANI+pTjKSSXP3IMOwxwZn9QHM3qwUuPYeBe3+WG4arV826OQNcJlZBqqBAy9W/7EGM05BEEjMkRN8yE+lkiEuKGckrdipIgnCAhqSvaIRCIpxs9kMOT5UygH7MVUUSztTfExkKhZiEnuoMkRyJRW8q/uf1U+lfORmNklSSCM8X+SmDMobTQOCAcoIlmyiCMKfqVohHiCMsVWwVFYK1+PIy6TTq1kW9cduoNmtFHGVwDE5ADVjgEjTBDWiBNsDgETyDV/CmPWkv2rv2MW8tacXMIfgD7fMH7LKWVA==</latexit>

~⇠(ki,kj)

<latexit sha1_base64="uyTOYhso2sFftIjBLHH204F/z1M=">AAAB+XicdVDLSsNAFJ34rPUVdelmsBG6Kkksbd0V3LisYB/QlDKZ3rRDJw9mJoUS+iduXCji1j9x5984aSuo6IELh3Pu5d57/IQzqWz7w9jY3Nre2S3sFfcPDo+OzZPTjoxTQaFNYx6Lnk8kcBZBWzHFoZcIIKHPoetPb3K/OwMhWRzdq3kCg5CMIxYwSpSWhqZpWd4MaOaBIoshs6yhWbIr142aW61hu2Lbdcd1cuLWq1dV7GglRwmt0Rqa794opmkIkaKcSNl37EQNMiIUoxwWRS+VkBA6JWPoaxqREOQgW16+wJdaGeEgFroihZfq94mMhFLOQ193hkRN5G8vF//y+qkKGoOMRUmqIKKrRUHKsYpxHgMeMQFU8bkmhAqmb8V0QgShSodV1CF8fYr/Jx234tQq7p1bapbXcRTQObpAZeSgOmqiW9RCbUTRDD2gJ/RsZMaj8WK8rlo3jPXMGfoB4+0Tq/6S+A==</latexit>

~⌘i
<latexit sha1_base64="uyTOYhso2sFftIjBLHH204F/z1M=">AAAB+XicdVDLSsNAFJ34rPUVdelmsBG6Kkksbd0V3LisYB/QlDKZ3rRDJw9mJoUS+iduXCji1j9x5984aSuo6IELh3Pu5d57/IQzqWz7w9jY3Nre2S3sFfcPDo+OzZPTjoxTQaFNYx6Lnk8kcBZBWzHFoZcIIKHPoetPb3K/OwMhWRzdq3kCg5CMIxYwSpSWhqZpWd4MaOaBIoshs6yhWbIr142aW61hu2Lbdcd1cuLWq1dV7GglRwmt0Rqa794opmkIkaKcSNl37EQNMiIUoxwWRS+VkBA6JWPoaxqREOQgW16+wJdaGeEgFroihZfq94mMhFLOQ193hkRN5G8vF//y+qkKGoOMRUmqIKKrRUHKsYpxHgMeMQFU8bkmhAqmb8V0QgShSodV1CF8fYr/Jx234tQq7p1bapbXcRTQObpAZeSgOmqiW9RCbUTRDD2gJ/RsZMaj8WK8rlo3jPXMGfoB4+0Tq/6S+A==</latexit>

~⌘i

<latexit sha1_base64="0XEKFT6t/F/JTNab0ElcPrYBnrg=">AAACA3icbVDLSsNAFJ3UV62vqDvdDDZCBSlJF+qy4MZlBfuAJoTJdNKOmTyYmRRLCLjxV9y4UMStP+HOv3HaZqGtBy4czrmXe+/xEkaFNM1vrbSyura+Ud6sbG3v7O7p+wcdEacckzaOWcx7HhKE0Yi0JZWM9BJOUOgx0vWC66nfHRMuaBzdyUlCnBANI+pTjKSSXP3IMOwxwZn9QHM3qwUuPYeBe3+WG4arV826OQNcJlZBqqBAy9W/7EGM05BEEjMkRN8yE+lkiEuKGckrdipIgnCAhqSvaIRCIpxs9kMOT5UygH7MVUUSztTfExkKhZiEnuoMkRyJRW8q/uf1U+lfORmNklSSCM8X+SmDMobTQOCAcoIlmyiCMKfqVohHiCMsVWwVFYK1+PIy6TTq1kW9cduoNmtFHGVwDE5ADVjgEjTBDWiBNsDgETyDV/CmPWkv2rv2MW8tacXMIfgD7fMH7LKWVA==</latexit>

~⇠(ki,kj)

<latexit sha1_base64="73tu/8+zB0QX1ieQDH2BdsjhWH0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhuhopSkC3VZcOOygn1AE8JkOmnHTB7MTIolZOfGX3HjQhG3/oI7/8ZpzUJbD1w4nHMv997jJYwKaZpfWmlpeWV1rbxe2djc2t7Rd/c6Ik45Jm0cs5j3PCQIoxFpSyoZ6SWcoNBjpOsFV1O/OyZc0Di6lZOEOCEaRtSnGEklufqhYdhjgjP7nuZuVgtcegYDN7s7tfKT3DBcvWrWzRngIrEKUgUFWq7+aQ9inIYkkpghIfqWmUgnQ1xSzEhesVNBEoQDNCR9RSMUEuFksz9yeKyUAfRjriqScKb+nshQKMQk9FRniORIzHtT8T+vn0r/0slolKSSRPhnkZ8yKGM4DQUOKCdYsokiCHOqboV4hDjCUkVXUSFY8y8vkk6jbp3XGzeNarNWxFEGB+AI1IAFLkATXIMWaAMMHsATeAGv2qP2rL1p7z+tJa2Y2Qd/oH18A6uYl9A=</latexit>

~⇠(ki,kj+1)

<latexit sha1_base64="xEQlY80OSdoxfLmZhhJX6QBAZ3c=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhuhgpakC3VZcOOygn1AE8JkOmnHTB7MTIolZOfGX3HjQhG3/oI7/8ZpzUJbD1w4nHMv997jJYwKaZpfWmlpeWV1rbxe2djc2t7Rd/c6Ik45Jm0cs5j3PCQIoxFpSyoZ6SWcoNBjpOsFV1O/OyZc0Di6lZOEOCEaRtSnGEklufqhYdhjgjP7nuZuVgtcegoDN7s7s/KT3DBcvWrWzRngIrEKUgUFWq7+aQ9inIYkkpghIfqWmUgnQ1xSzEhesVNBEoQDNCR9RSMUEuFksz9yeKyUAfRjriqScKb+nshQKMQk9FRniORIzHtT8T+vn0r/0slolKSSRPhnkZ8yKGM4DQUOKCdYsokiCHOqboV4hDjCUkVXUSFY8y8vkk6jbp3XGzeNarNWxFEGB+AI1IAFLkATXIMWaAMMHsATeAGv2qP2rL1p7z+tJa2Y2Qd/oH18A66sl9I=</latexit>

~⇠(ki,kj�1)

<latexit sha1_base64="fq5Xyr77xwhfJ+Gs2srGMNfnyxU=">AAACC3icbZC7TsMwFIadcivlFmBksdogFQmqpAMwVmJhLBK9SE0UOa7TmjpOZDsVVZSdhVdhYQAhVl6AjbfBvQxA+SVLn/5zjo7PHySMSmXbX0ZhZXVtfaO4Wdra3tndM/cP2jJOBSYtHLNYdAMkCaOctBRVjHQTQVAUMNIJRlfTemdMhKQxv1WThHgRGnAaUoyUtnyzbFnumODMvae5n1VHfkbPnPwUarjTcJJblm9W7Jo9E1wGZwEVsFDTNz/dfozTiHCFGZKy59iJ8jIkFMWM5CU3lSRBeIQGpKeRo4hIL5vdksNj7fRhGAv9uIIz9+dEhiIpJ1GgOyOkhvJvbWr+V+ulKrz0MsqTVBGO54vClEEVw2kwsE8FwYpNNCAsqP4rxEMkEFY6vpIOwfl78jK06zXnvFa/qVca1UUcRXAEyqAKHHABGuAaNEELYPAAnsALeDUejWfjzXiftxaMxcwh+CXj4xt2zZlQ</latexit>

~⇠(ki�1,kj�1)

<latexit sha1_base64="BKoN4dMpd30x7cUX38ePyiB2HqQ=">AAACC3icbZC7TsMwFIadcivlFmBksdogFQFV0gEYK7EwFolepCaKHNdpTZ2LbKeiirKz8CosDCDEyguw8Ta4bQZo+SVLn/5zjo7P78WMCmma31phZXVtfaO4Wdra3tnd0/cP2iJKOCYtHLGIdz0kCKMhaUkqGenGnKDAY6Tjja6n9c6YcEGj8E5OYuIEaBBSn2IkleXqZcOwxwSn9gPN3LQ6clN6bmVnUMH9qZWdZIbh6hWzZs4El8HKoQJyNV39y+5HOAlIKDFDQvQsM5ZOirikmJGsZCeCxAiP0ID0FIYoIMJJZ7dk8Fg5fehHXL1Qwpn7eyJFgRCTwFOdAZJDsVibmv/Veon0r5yUhnEiSYjni/yEQRnBaTCwTznBkk0UIMyp+ivEQ8QRliq+kgrBWjx5Gdr1mnVRq9/WK41qHkcRHIEyqAILXIIGuAFN0AIYPIJn8AretCftRXvXPuatBS2fOQR/pH3+AHO5mU4=</latexit>

~⇠(ki�1,kj+1)

<latexit sha1_base64="jUJTIf1CalaUtLBy0dEuUeAxc8Q=">AAACCXicbZC7TsMwFIadcivlFmBksWiQigRV0gEYK7EwFolepCaKHNdpTR0nsp2KKsrKwquwMIAQK2/AxtvgXgZo+SVLn/5zjo7PHySMSmXb30ZhZXVtfaO4Wdra3tndM/cPWjJOBSZNHLNYdAIkCaOcNBVVjHQSQVAUMNIOhteTentEhKQxv1PjhHgR6nMaUoyUtnwTWpY7IjhzH2juZ5Whn9FzJz+DGu7z09yyfLNsV+2p4DI4cyiDuRq++eX2YpxGhCvMkJRdx06UlyGhKGYkL7mpJAnCQ9QnXY0cRUR62fSSHJ5opwfDWOjHFZy6vycyFEk5jgLdGSE1kIu1iflfrZuq8MrLKE9SRTieLQpTBlUMJ7HAHhUEKzbWgLCg+q8QD5BAWOnwSjoEZ/HkZWjVqs5FtXZbK9cr8ziK4AgcgwpwwCWogxvQAE2AwSN4Bq/gzXgyXox342PWWjDmM4fgj4zPH4iFmN4=</latexit>

~⇠(ki�1,kj)

<latexit sha1_base64="j3JkRNcxudqVk7AFt2LbruJDDRk=">AAACCXicbZC7TsMwFIadcivlFmBksWiQikBV0gEYK7EwFolepCaKHNdpTR0nsp2KKsrKwquwMIAQK2/AxtvgXgZo+SVLn/5zjo7PHySMSmXb30ZhZXVtfaO4Wdra3tndM/cPWjJOBSZNHLNYdAIkCaOcNBVVjHQSQVAUMNIOhteTentEhKQxv1PjhHgR6nMaUoyUtnwTWpY7IjhzH2juZ5Whn9EzJz+HGu7z09yyfLNsV+2p4DI4cyiDuRq++eX2YpxGhCvMkJRdx06UlyGhKGYkL7mpJAnCQ9QnXY0cRUR62fSSHJ5opwfDWOjHFZy6vycyFEk5jgLdGSE1kIu1iflfrZuq8MrLKE9SRTieLQpTBlUMJ7HAHhUEKzbWgLCg+q8QD5BAWOnwSjoEZ/HkZWjVqs5FtXZbK9cr8ziK4AgcgwpwwCWogxvQAE2AwSN4Bq/gzXgyXox342PWWjDmM4fgj4zPH4VjmNw=</latexit>

~⇠(ki+1,kj)

<latexit sha1_base64="iseqPlKlUVA/WjVpUmR6Ketkzkc=">AAACC3icbZC7TsMwFIadcivlFmBksdogFQFV0gEYK7EwFolepCaKHNdpTZ2LbKeiirKz8CosDCDEyguw8Ta4bQZo+SVLn/5zjo7P78WMCmma31phZXVtfaO4Wdra3tnd0/cP2iJKOCYtHLGIdz0kCKMhaUkqGenGnKDAY6Tjja6n9c6YcEGj8E5OYuIEaBBSn2IkleXqZcOwxwSn9gPN3LQ6clN6amVnUMH9uZWdZIbh6hWzZs4El8HKoQJyNV39y+5HOAlIKDFDQvQsM5ZOirikmJGsZCeCxAiP0ID0FIYoIMJJZ7dk8Fg5fehHXL1Qwpn7eyJFgRCTwFOdAZJDsVibmv/Veon0r5yUhnEiSYjni/yEQRnBaTCwTznBkk0UIMyp+ivEQ8QRliq+kgrBWjx5Gdr1mnVRq9/WK41qHkcRHIEyqAILXIIGuAFN0AIYPIJn8AretCftRXvXPuatBS2fOQR/pH3+AHOnmU4=</latexit>

~⇠(ki+1,kj�1)

<latexit sha1_base64="6A53i9YRw0yDV1MeFoAVzuBeLN8=">AAACC3icbZC7TsMwFIadcivlFmBksdogFYGqpAMwVmJhLBK9SE0UOa7TmjpOZDsVVZSdhVdhYQAhVl6AjbfBvQxA+SVLn/5zjo7PHySMSmXbX0ZhZXVtfaO4Wdra3tndM/cP2jJOBSYtHLNYdAMkCaOctBRVjHQTQVAUMNIJRlfTemdMhKQxv1WThHgRGnAaUoyUtnyzbFnumODMvae5n1VHfkZPnfwMarjTcJJblm9W7Jo9E1wGZwEVsFDTNz/dfozTiHCFGZKy59iJ8jIkFMWM5CU3lSRBeIQGpKeRo4hIL5vdksNj7fRhGAv9uIIz9+dEhiIpJ1GgOyOkhvJvbWr+V+ulKrz0MsqTVBGO54vClEEVw2kwsE8FwYpNNCAsqP4rxEMkEFY6vpIOwfl78jK06zXnvFa/qVca1UUcRXAEyqAKHHABGuAaNEELYPAAnsALeDUejWfjzXiftxaMxcwh+CXj4xtwk5lM</latexit>

~⇠(ki+1,kj+1) <latexit sha1_base64="uwz4BxB8ZocV6Hx3kFC3mCkqkfw="></latexit>

Wk(t) = sinc(⇡t)
I0

⇣
a
p
1� (t/(N + 1))2

⌘

I0(a)

Kaiser windowed sinc interpolation with N=1

<latexit sha1_base64="x8Y3YpqWQMrXvHpjZbFxmv6gl18="></latexit>

J = kdobs �Wdk22 s.t. rank(d)  k

• Interpolation operator

( Carozzi and Sacchi, 2021) 



FMSSA

• MSSA • FMSSA

§ Step 1:

§ Step 2: Build Hankel matrix

§ Step 3: Rank-reduction (SVD)

§ Step 4: Anti-diagonal averaging

§ Step 5:

<latexit sha1_base64="CpcwtgZO6LknM/YmyDCM5JhFGQE=">AAACF3icbVDLSgMxFM34rONr1KWbYCu0IMNMEXVZUMRlBfuAtpRMmmlDMw+SO9oy9C/c+CtuXCjiVnf+jeljoa0HAodzzuXmHi8WXIHjfBtLyyura+uZDXNza3tn19rbr6ookZRVaCQiWfeIYoKHrAIcBKvHkpHAE6zm9S/Hfu2eScWj8A6GMWsFpBtyn1MCWmpbdi5ndvKDEyjg5kDybg+IlNFDmjYpEfh6lIfCCF/lfR2wzVyubWUd25kALxJ3RrJohnLb+mp2IpoELAQqiFIN14mhlRIJnAo2MpuJYjGhfdJlDU1DEjDVSid3jfCxVjrYj6R+IeCJ+nsiJYFSw8DTyYBAT817Y/E/r5GAf9FKeRgnwEI6XeQnAkOExyXhDpeMghhqQqjk+q+Y9ogkFHSVpi7BnT95kVSLtntmF2+L2dLprI4MOkRHKI9cdI5K6AaVUQVR9Iie0St6M56MF+Pd+JhGl4zZzAH6A+PzBxKEnKw=</latexit>

d(x, t)
F(t)���! D(f, t).

<latexit sha1_base64="/+VWGMULFQAFFKLDCqQUNRzGRGc="></latexit>

d̂(x, t)
F�1(t) ���� D̂(f, t).

Avoid Hankel structured matrices 
• Hankel matrix vector products are computed via FFT

To speed up rank reduction 
• RQRd is adopted to replace SVD. 

To improve anti-diagonal averaging 
• Eigenimages are computed via convolutions. 

(Cheng et al. 2019)
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FMSSA

§ Step 2: Build Hankel matrix Avoid Hankel structured matrices 
• Hankel matrix vector products are computed via FFT

• Fast Hankel matrix vector product

Ø Hankel matrices can be embedded into circulant matrices 

Ø A Circulant matrix C multiplies a vector x are computed via FFT

<latexit sha1_base64="XWfL2gmrsKUGe3l457Iuou/GS4w="></latexit>
D1 D2

D2 D3

� 
x1

x2

� <latexit sha1_base64="Eki1jxlgB3/bYRaHkEos+rBDsFE="></latexit>

=

2

4
D2 D1 D3

D3 D2 D1

D1 D3 D2

3

5

2

4
x2

x1

0

3

5<latexit sha1_base64="OpJ0WicGT55+76M5qm++vX7Dhvs=">AAAB+nicbVDLSsNAFL2prxpfqS7dDDaCq5IUUTdCwU2XFewD2lAm00k7dPJgZqKW2E9x40IRt36JO//GaZuFth64cDjnXu69x084k8pxvo3C2vrG5lZx29zZ3ds/sEqHLRmngtAmiXksOj6WlLOINhVTnHYSQXHoc9r2xzczv31PhWRxdKcmCfVCPIxYwAhWWupbJds2s54foPojml4j07b7VtmpOHOgVeLmpAw5Gn3rqzeISRrSSBGOpey6TqK8DAvFCKdTs5dKmmAyxkPa1TTCIZVeNj99ik61MkBBLHRFCs3V3xMZDqWchL7uDLEayWVvJv7ndVMVXHkZi5JU0YgsFgUpRypGsxzQgAlKFJ9ogolg+lZERlhgonRapg7BXX55lbSqFfeiUr2tlmvneRxFOIYTOAMXLqEGdWhAEwg8wDO8wpvxZLwY78bHorVg5DNH8AfG5w9UeZFp</latexit>

Hx =
<latexit sha1_base64="hQwjm/dTNs9Q5RranDewVNkwijg=">AAACBHicbZDLSsNAFIYn9VbjLeqym8FGcFWSIupGKHTjsoK9QBPKZDpph04mYWYiltCFG1/FjQtF3PoQ7nwbp2kW2vrDwMd/zuHM+YOEUakc59sora1vbG6Vt82d3b39A+vwqCPjVGDSxjGLRS9AkjDKSVtRxUgvEQRFASPdYNKc17v3REga8zs1TYgfoRGnIcVIaWtgVWzbvIaZF4SwOYPeGKmcH2ambQ+sqlNzcsFVcAuogkKtgfXlDWOcRoQrzJCUfddJlJ8hoShmZGZ6qSQJwhM0In2NHEVE+ll+xAyeamcIw1joxxXM3d8TGYqknEaB7oyQGsvl2tz8r9ZPVXjlZ5QnqSIcLxaFKYMqhvNE4JAKghWbakBYUP1XiMdIIKx0bqYOwV0+eRU69Zp7Uavf1quN8yKOMqiAE3AGXHAJGuAGtEAbYPAInsEreDOejBfj3fhYtJaMYuYY/JHx+QPO8pWd</latexit>

= Cx̂

where
<latexit sha1_base64="U58NkMurO6K5KLoXIBHAJt7HzsM="></latexit>

c =
⇥
D2 D3 D1

⇤T <latexit sha1_base64="P8SrAF4bR/D0NpKeqrg1kCmD5/M="></latexit>

x̂ =
⇥
x2 x1 0

⇤Tand

<latexit sha1_base64="P6CNryvHWZ1fyPmwxyOy+pJ89/Y="></latexit>

= F�1(F (c) � F (x̂))

(Cheng et al. 2019)



FMSSA

§ Step 3: Rank-reduction (SVD) To speed up rank reduction 
• RQRd is adopted to replace SVD. 

• Randomized QR decomposition (RQRd)

1. Projection onto random sets: 

X = H Ω 
M×p M×L L×p

Ω are p random vectors, and p << L

Q R = qr ( X ) 

2. Economic-size QR decomposition:

M×p  p×p   M×p 

<latexit sha1_base64="6fPpsk84fpvk7kA2ghNACZvpG1E=">AAACE3icbVC7SgNBFJ2Nr7i+opY2g4kgFmE3iNoIAZuUCZgHZNcwO5lNhsw+mLkrhCV+g42/YmOhiK2NnX/jJNlCEw9cOHPOvdy5x4sFV2BZ30ZuZXVtfSO/aW5t7+zuFfYPWipKJGVNGolIdjyimOAhawIHwTqxZCTwBGt7o5up375nUvEovIVxzNyADELuc0pAS73CWalkOhywMySQOp6PaxP8gK91zV6Nxl1am2jNLJV6haJVtmbAy8TOSBFlqPcKX04/oknAQqCCKNW1rRjclEjgVLCJ6SSKxYSOyIB1NQ1JwJSbzm6a4BOt9LEfSV0h4Jn6eyIlgVLjwNOdAYGhWvSm4n9eNwH/yk15GCfAQjpf5CcCQ4SnAeE+l4yCGGtCqOT6r5gOiSQUdIymDsFePHmZtCpl+6JcaVSK1fMsjjw6QsfoFNnoElVRDdVRE1H0iJ7RK3oznowX4934mLfmjGzmEP2B8fkD51ea/Q==</latexit>

Ĥ = QQ
H
H

3.    Low-rank approximation: 

(Cheng et al. 2019)



FMSSA

§ Step 4: Anti-diagonal averaging Fast anti-diagonal averaging 
• Eigenimages are computed via convolutions. 

• Fast anti-diagonal averaging 

For one linear event (rank=1 case)

Ø Let p = 1:

Ø For anti-diagonal averaging:

Let , we get

<latexit sha1_base64="2pSkhuvAmFIwTC31ytbnYsRIQyQ=">AAACJ3icbVDLSgMxFM34rONr1KWbYCu4KjNF1I1ScDPLCvYBnVoyaaYNzTxMMkIJ49e48VfcCCqiS//EdFpQWw9cODnnXm7u8RNGhbTtT2NhcWl5ZbWwZq5vbG5tWzu7DRGnHJM6jlnMWz4ShNGI1CWVjLQSTlDoM9L0h5djv3lHuKBxdC1HCemEqB/RgGIktdS1LkolU0HPD6DyBkgqCN0sy+A9PNelxvpt1nV+2I1ys/zhZtAslbpW0S7bOeA8caakCKaoda0XrxfjNCSRxAwJ0XbsRHYU4pJiRjLTSwVJEB6iPmlrGqGQiI7K78zgoVZ6MIi5rkjCXP09oVAoxCj0dWeI5EDMemPxP6+dyuCso2iUpJJEeLIoSBmUMRyHBnuUEyzZSBOEOdV/hXiAOMJSR2vqEJzZk+dJo1J2TsqVq0qxejyNowD2wQE4Ag44BVXgghqoAwwewBN4BW/Go/FsvBsfk9YFYzqzB/7A+PoGo+OitA==</latexit>

Ĥ = q1q
H

1 H
<latexit sha1_base64="FIU4zzDz1QxwPKu33q7RfMBESyE=">AAACEHicbZC7TsMwFIYdriXcAowsFg2CqUoqBCxIlVg6FolepDZUjuu0Vh0n2A5SFeURWHgVFgYQYmVk421w0wzQ8kuWPv/nHNnn92NGpXKcb2NpeWV1bb20YW5ube/sWnv7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn74+tpvf1AhKQRv1WTmHghGnIaUIyUtvrWiW2bac8PoMr6LryCOd9rvkvr2exWz0zb7ltlp+LkgovgFlAGhRp966s3iHASEq4wQ1J2XSdWXoqEopiRzOwlksQIj9GQdDVyFBLppflCGTzWzgAGkdCHK5i7vydSFEo5CX3dGSI1kvO1qflfrZuo4NJLKY8TRTiePRQkDKoITtOBAyoIVmyiAWFB9V8hHiGBsNIZmjoEd37lRWhVK+55pXpTLdfOijhK4BAcgVPgggtQA3XQAE2AwSN4Bq/gzXgyXox342PWumQUMwfgj4zPHwn2mgg=</latexit>

t1 = q
H

1 H

<latexit sha1_base64="Y3V/0ywVKuw8rqQ+04YkeueiDBg=">AAACG3icbZDLSsNAFIYn9VbjrerSzWAruCpJEXUjFNx0WcFeoA1hMp20QycXZ06EEuJzuPFV3LhQxJXgwrdx0nahrT8c+PjPOcyc34sFV2BZ30ZhZXVtfaO4aW5t7+zulfYP2ipKJGUtGolIdj2imOAhawEHwbqxZCTwBOt44+u837lnUvEovIVJzJyADEPuc0pAW26pVqmYKe57Pk77IwIpxo0sy/ADvtKV5v5d5tozAk1mpeKWylbVmgovgz2HMpqr6ZY++4OIJgELgQqiVM+2YnBSIoFTwTKznygWEzomQ9bTGJKAKSed3pbhE+0MsB9JXSHgqft7IyWBUpPA05MBgZFa7OXmf71eAv6lk/IwToCFdPaQnwgMEc6DwgMuGQUx0UCo5PqvmI6IJBR0nKYOwV48eRnatap9Xq3d1Mr1s3kcRXSEjtEpstEFqqMGaqIWougRPaNX9GY8GS/Gu/ExGy0Y851D9EfG1w+XWJ39</latexit>

Ĥ = q1t1

<latexit sha1_base64="EHCPdmVrQ0ELU/ZiWP1bqHImUtw="></latexit>
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8
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1
i

Pi
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1
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PM
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1
N�i+1

PM
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<latexit sha1_base64="u+KYTrPvBUVPIUZbNQsxVW0eGlo=">AAACGHicbZDLSgMxFIYzXut4G3XpJtgKglhniqibQsGNK6lgL9DWIZNm2rSZi0lGKcM8hhtfxY0LRdx259uYTmehrT8EvvznHJLzOyGjQprmt7awuLS8sppb09c3Nre2jZ3duggijkkNByzgTQcJwqhPapJKRpohJ8hzGGk4w6tJvfFIuKCBfydHIel4qOdTl2IklWUbp4WCXn6CbRF5djwoW8l9fJPABzu21DVJoEyJngyOrSTRCwXbyJtFMxWcByuDPMhUtY1xuxvgyCO+xAwJ0bLMUHZixCXFjCR6OxIkRHiIeqSl0EceEZ04XSyBh8rpQjfg6vgSpu7viRh5Qow8R3V6SPbFbG1i/ldrRdK97MTUDyNJfDx9yI0YlAGcpAS7lBMs2UgBwpyqv0LcRxxhqbLUVQjW7MrzUC8VrfNi6baUr5xlceTAPjgAR8ACF6ACrkEV1AAGz+AVvIMP7UV70z61r2nrgpbN7IE/0sY/crGeHQ==</latexit>

= w
NX

j=1

q1j t1i�j+1

Convolution

Ø For rank = p
<latexit sha1_base64="6jLhUNL2gCvqA31i+sXXLNPXVAk="></latexit>

D̂ = w � [(q1 ⇤ t1) + (q2 ⇤ t2) + · · ·+ (qp ⇤ tp)]
(Cheng et al. 2019)



I-MSSA vs. I-FMSSA (Computational efficiency?)
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3D Reconstruction I-FMSSA Vs I-MSSA
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• I-MSSA



3D Reconstruction I-FMSSA Vs I-MSSA
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Synthetic Example (EPOCS vs. I-FMSSA)



Synthetic Example

• Geometry of source location
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Synthetic Example

• EPOCS d(:,13,:)
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Synthetic Example
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• I-FMSSA d(:,13,:)



Synthetic Example (Boundary effect analysis)

• EPOCS d(:,1,:)
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Synthetic Example (Boundary effect analysis)

• I-FMSSA d(:,1,:)
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Blending noise only

Synthetic Example (with random noise)



Synthetic Example

• EPOCS d(:,13,:)
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Synthetic Example

• I-FMSSA d(:,13,:)
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Real Example (Irregular Reconstruction)
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Real Example

• Geometry of source location
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Real Example

• EPOCS d(:,3,:) Inline slice



Real Example

• I-FMSSA d(:,3,:) Inline slice
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Real Example

• EPOCS d(:,:,17) Crossline slice
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Real Example

• I-FMSSA d(:,:,17) Crossline slice



§ Conventional SSA methods can be expensive due to construction of 
Hankel structured matrices and singular value decomposition （SVD）. 

§ The applied fast and memory efficient SSA (FMSSA) is an appropriate
substitution for MSSA with reconstruction problems. 

§ EPOCS method will produce “boundary effect” for reconstruction and is
not suitable for “noisy” data reconstruction.

§ I-FMMSA method could be a good substitution for EPOCS with application
for irregular-grid data reconstruction, and simultaneous denoising and
reconstruction.

Conclusion and Summary
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