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4.1.1 erivation of the DLS solution using Bayes theorem
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4.1.2 Gaussian prior probability functions
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4.1.3 Probability functions to enforce sparse solutions
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4.2.1 Solving sparse inverse problems with ITRLS
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4.3.2 The convolutional model
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4.3.3 The discrete inverse problem

s Wr+n

e mari W ishe earhler resened in convolional form (see ppendi
C). This problem is nonni e, deohe missing freency informaion inhe
daa. Therefore, i ns be reglarizedo rerieve a sable andni e solion.
The mos common consrainis a s parse consrain onhe refleciviy.

sparse solion creaeshe mos sim ple earh model possible: he one wih
he leas nmber of layers.  n addiion, enforcing isolaed s pikes inhe refleciviy
series approimaes a s  perposiion of dela fncions. This will increasehe
fre ency coren, following from he facha a dela fncion has a whie
fre ency s pecrm. Thewo mos common mehods of enforcing s parseness in
impedance inversion are prior Cachy or e ponenial probabiliy disribions
(Oldenbrg e al., 198Sacchi, 1997 ik pesse and Taranola, 1999).

The cos f ncion is

J(r) (W r—s)T(Wr—5s)+puR(r) (. .1)

where R(r) is a fnciono enforce s parseness. Oncehe refleciviy solion is
fond, he im pedance series can be recoveredsing eaion (. 1). The LS
solion is com paredo solions ofhree s parse consrains :he e ponenial,
Cachy and modified Cachy prior disribions. The nonlinear problems are
solvedsing LS. inally, becasehe 1 problem is relaively small,he o per
aors are ke p as marices, and inversion is performedsing a Malab f ncion.

The recovered refleciviy is dis played in igres .6. The narrower peaks

wi hinhe refleciviy series recovered byhe s parse consrairs indicae a broader
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igre  .6: The refleciviy series recovered by LS ( ), and he e ponerial

(), Cachy (C), and modified Cachy ( ) prior disribions.

fre ency conenhanhe LS solion . The fre ency s pecrms ofhe re
fleciviy (igre  .7) show hahogh allhe s parse solions increasehe
bandwidh beyondhe 8 Hz ofhe daa. The Cachy and modified Cachy
priors recoverhe mos accrae refleciviy esimaes and freency s pecr ms.
The recovered impedance profiles are displayed in igre. 8. The bes sol

ion is recovered byhe modified Cachy disribion. The piecewise comnos
solion manageso reain shar p disconiniies while  preserving smooh, planar
areas. This agrees wih previos s diesha findhe modified Cachy disrib

iono be es pecially sied for blocky inversion (Charbonnier e al.,  1997).

ihinhe geo physical indsry, i is a general rleha f rher consrains
onhe refleciviy problem are necessaryo recover a siable solion. The

mos commonechni e of adding consrains isose prior informaion of
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he geological model. hen an oil or gas well is drilled, informaion abo
he velociy and densiy ofhe srronding maerial is recorded. mpedance
informaion calclaed from hese measremens will consrainhe model, and
assis in increasing freency bandwidh. Knowing hahe im pedance is a
f ncion ofhe inegral ofhe refleciviy, consrains can be direcly placed on

he refleciviy inversion. The new cos fncion will  become

J(r) (W r—s)"(Wr—s)+a(Cr—e”(Cr—e¢) + pR(r) (. .1)

The mari C is a simple inegraor o peraor, and « ishe associaed weighing
parameer. The vecor of impedance consrains, ¢, is inhe form ofhe lefhand

side of

1ln [II((;))] /tor(n)dn (. .16)

The same synheic daa aresed inhe inversion. Thehree s parse prior
disribions areesed, and impedance consrains are given. The recovered
refleciviies and impedances are displayed in igres .9 and .1. inally,
he freency s pecrms ofhehree solions are com pared in igre .11.
is apparenhahe solions mach or earh model more closely, andha
fre ency coren is increased. gain, he modified Cachy prior disribion
selecshe bes solion. No only does i allovhe shar p disconiniies inhe

impedance profile, bhe consan layers are relaively smooh and arifac free.
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4.3.4 Behavior of the hyperparameters of the modified

Cauchy prior

ecallhahe modified Cachy prior resls in a solion
~k T -1
[G G+uQ'| a7 (. .17)
where
1
k—1
k. . .18
© T P )
This pariclar prior disribion has a greaer fleibiliy in s pecifying model
consrairs becase of iswo hy perparameers : g and d.n  his secion, he
ineracion and behavior ofhe weighingerms are e plored.n ordero isolae

he parameers solely inhe s parse reglarizaionerm, an im  pedance consrain
is no addedohe cos f ncion.

series ofess on synheic daa are performedondersandhe rolesha
0 and p play in deermininghe solion. seismogram is creaed by convolving
a  Hz icker wavele wih a known refleciviy series, and adding one  percen
Gassian noise ( igre.1). The firs se pis oconfirm ha orndersanding
ofhe limiing cases of  he reglarizaionerm is correc. Toeshis, 1 is held
consan, whilehe val es ofhe scaling parameer ¢ are varied. The recovered
val es for refleciviy are shown in igre.1.

is shownha when 0 isoo large, s parseness is no enforced. Corres pond

ingly, when ¢ is small, he solion becomes very s  parse. This follows from wha

one wold e pec from he reglarizaionerm cha ¢ is inversely proporional
ohe amon of weigh placed onhe reglarizaionerm.
The nees iso deermine hovhewo parameers a eche daa misfi

ofhe solion. singhe x? es, i is fondhahere are nli ple pairs of



(A)
0.1

0.05¢

0 0.2 0.4 0.6 0.8
Time (s)

(©)
0.1

0.05¢
0
-0.05 ¢

0 0.2 0.4 0.6 0.8
Time (s)

igre .1 : The refleciviy series (

0.5

89

(B)

0.05 0.1 0.15 0.2
Time (s)

) and wavele ( ) sedo creaehe syn

heic seismogram (C). One percen Gassian noise is addedohe synheic

daa.



True
Reflectivity

igre.1 : The recovered refleciviy for di eren val es ofhe scaling

rameer, ¢, whenheradeo parameer, , is held a a consan 1 -,

pa



Log10 m

igre.1 : logarihmic ploof x?verss heradeo parameer , for varying

val es ofhe scaling parameer .

parameersha will givehe same misfi ( igre 1). s e peced, larger
val es ofheradeo parameer or smaller val es ofhe scaling  parameer § will
increase misfi

To beer ndersandhe nli ple solions, hree di eren solionsha
havehe desired 2 val e are eamined. The recovered val es  for refleciviy are
displayed in igre.1l . There is a single solionha is mos accrae. hen
he scaling parameer is small wih res pecohe refleciviy, he solion is very
spiky, and so a small p is necessary preserve fideliyohe daa.f 0 is large
wih res peco  r,he solion a  pproaches a damped leas s ares solion.n
ordero preserve a small misfi p becomes largeo kee p he enire solion close
o zero, compensaing forhe lack of s parseness.

The finalesis o e plorehe behavior ofhe cos f ncion as he parameers

are changed. The cos fncion is redefined as
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J M+puR (. .19)

where M ishe misfierm, (W r — s)T(Wr — s), and R ishe reglarizaion
fncion, R(r). igres.l1 6( )and( )show againha he daa misfi andhe
magni de ofhe cos fncion, are proporionalo  p and inversely proporional
0 6. The reglarizaion fncion decreases for larger i val es, as one wold
e pec ( igre .16( )). Likehe misfierm, i is inversely proporional o §.
or larger val es of §, he denominaor ofhe reweighing mari in e aion
. .18 will approach 1, andhe weigh onhe reglarizaion f ncion will decrease.
s 0 decreases, he denominaor will become large, he fracion will a pproach
niy, andhe weigh onhe reglarizaion f ncion will increase.
igre .16 (C) ill sraeshe reglarizaion f ncion nli plied byherade
o parameer. One migh beem p edo believehahis plo describeshe
symmery ofhe inverse  problem, b i does no. The figre sim ply shows
hahe magni de ofhe reglarizaion f ncion is scaled byhe corres ponding

radeo  parameer.

Su

phis cha p er, he ayesian definiion of consrains as  prior probabiliy dis
ribions has been imrodced. Gassian prior probabiliy disribion will
enforce a smooh solionha cl sers arond zero. S parse consrains cor
respondo longailed disribionsha have a greaer areaighly cenered

arond zero, b allow larger magni des inhe few samplesha deviae from
zero. The e ponenial, Cachy, and modified Cachy probabiliy disribions
are all eam ples of sparse consrains. These s parse consraims resl in non

linear inverse problems. or naely, he problems areasi  linear, and so LS
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can besedo findhe solions in an ieraive, linear manner.
The modified Cachy fncion is com paredo Cachy and e ponenial prior
disribions wihin im  pedance inversion. sccessflly recovers s parse reflec
iviy series, and is es pecially sied for recovering blocky profiles. The eam ples
show hahe modified Cachy prior is ableo recover shar p disconiniies
separaed by fl a, planar areas more sccessf llyhanhe oher disrihions.
inally, he behavior ofhewo hy perparameers ofhe modified Cachy prior

is e plored.
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Chapter 5

Blocky inversion techniques

5 Int ducti n

The idea behind blocky inversionechniges is sim  ple: a fncion will become
piecewise consan if is firs order derivaives are s parse. This is seen in blocky
impedance inversion. A sparse refleciviy will resl in an impedance, [
f . Tedk, hais blocky. Blocky inversion is noonly a  pplicable in areas wherehe
model image consiss of blocks, b can besed anywhere shar p edges divided
by planar feares are presen I hashe effec of shar pening and focsinghe
image, and inhis way redcinghe eff ecs of noise and bl rring.

The blocky inversion consrain ex plored here has been imrodced inhe
previos cha p er ashe modified Cachy  prior disribion. Inhe conex of
blocky inversion i will be referredo ashe Edge- Preserving Reglarizaion
(EPR) fncion. This reglarizaionechniqe has been s ccessflly a ppliedo
graviy daa ( Porniagine and Z hdanov, 1999), magneic resonance imaging for
medical applicaions (Charbonnier e al., 1997; Barone, 1999) and radio asron-
omy (Molina e al., 1).

Wihinhis cha p er, he applicabiliy ofhe E PR fncion for D acosic
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migraion/inversion problems will beesed. I shovhe half -qadraicechni  qe
of linearizinghis f ncion is eqivalenosing IRLS (Geman and Yang, 1995;
Charbonnier e al., 1997). The linearizaion ofhe inverse =~ problem creaes a DLS
solion weighed wih firs order derivaive fl aness consrains. The fl  aness
consrain can behogh of as a form of smoohing, and sohis is referredo as
a weighed, smoohed solion. The re-weighing marices, or axiliary variables
inhe half -qadraic linearizaion, deeche presence of edges. Once deeced

he smoochingerms  arerned o ff ahese locaions. Inhis way, he algorihm

allows large variaions se paraed by comninos planes.

To dae, he sandard consrairs for migraion /inversion schemes are a dam p-

ing or smochingerm  (Jineal., 199 ; Thierry eal., 1999 ; D qeeal., ).
Therefore, alless ofhe EPR fncion will be com pared againshe DLS sol -

ion.

5.2 E dg -P ving R gula izati n (EPR)
functi n

The EPR fncion hashe same  form ashe modified Cachy reglarizaion f nc-
ion. Is di fferen behavior occrs becase i acs no onhe model parameers,

b onheir derivaives

J() ( G = )G - )+uRDx) +uRD,; ) (5. .1)

where p, and u, arehe weighing  parameers placed onhe reglarizaionerms
inhe horizomal and verical direcions. Dy and D, are mari x forms ofhe

derivaive o peraors defined
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(Dym)ij (Mit1, — mi;)/6
(D;m)i; (Mijr1 — mi;)/6 (5. .)
The indices, 7 1 M,andj 1 M,, encompassheoal nmber of

horizonal and verical cells inhe D Earh model, size M, by M,. Noehahe
consan widhs ofheomogra phic cells are absorbed imohe scaling  parameer
presen inhe derivaive f ncion . The reglarizaion f ncions enforced onhe

derivaives are defined as

MyxM,

RDx) Y. &([Dym))

RD,) Y &([D.m]) (5. 3)

1=1
whereheD model parameer derivaives are placed ino vecor form sing
lexicographic noaion. The model parameers wihinhe daa misfierm ofhe
cos fncion are also ex pressed inhis form. The fncion ®(¢) is chosemo be

he modified Cachy prior disribion

D(t .4
0 Tp 6. 4)
The solionohis f ncion fondsing IRLS is
_ -1
ol GTG 4 p Dy Qe 'Dy + 11,D, Q. 'D, | GT (5. .5)
where Qx and Q, are diagonal marices wih elemens fronhe recovered solion

a leraion kE—1
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and

1
et 5..7
(Q)ll [1+([Dzm”c—l)2]2 ( )
5.2.1 Half-quadratic regularization and IRLS
The solionohe non-linear cos fncionsing IRLS iniively makes sense.

However, a more formal proof of he sondness ofhisy  pe of solion has been
presenedsinghe Legendreransformaion, called half -qadraic reglariza -

ion (Geman and Yang, 1995; Charbonnier e al., 1997). The p rpose iso

irodce a new  fncion havinghe same mininm ashe non-linear one. This
new fncion has  he advanagehai may be solved linearly ( Geman and Yang,
1995). In ordero dohis, a new variable is imrodced, schhahe reglar -

izaionerm  is expressed

O(t)  ming[®*(t w)] (5. .8)

Sbseqenly, he cos f ncion can be rewrien as

J() MiNg,q,[ ] (A4 x Gs)]
ming.q[(@ — (@ - )
o Y D @)+ Y (D) @) 6. 9

Inhe D problem, wo axiliary variable vecors, q x and q, are inrodced.

The new reglarizaion f ncion ®* becomes gadraic wih res peco when
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he axiliary variables are fi xed, andherefore a linear solion occrs. This is

demonsraed inhe nex secion.

5.2.2 The Legendre Transformation and auxiliary vari-

ables

The Legendreransformaion is defined as

F*(y) minglyx — F(z)] (5. .1)

Theransformaion will findhe y -inerce p F*(y) ofhe liney z —d hais
angenohe f ncion F(z). I will map a fncion from [F(z) z] (f ncion vs.

x) spaceo  [F*(y)y | (y-irerce p vs. slope) space. Theransform also hashe

propery
F*(y) LT [F(z)] (5. .11)
and
F(z) LT [F*(y)] (5. .1)
where L7 represershe Legendreransformaion . Usinghisransform, (1)

and ®*(¢t w) are definedo be a Legendre pair

(1) ming, [P (t w)]
(1) ming[wt? — ¥ (w)] (5. .13)

Bysinghe definiion
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U(w)  mint? w — ®(t)] (5. .14)

and eqaion 5. .4,1i is sim pleo calclacha

The mininm  of [t?w — ®(¢)] occrs a

1 d'(t)
5. .16
RN D ¢ ( )
rom hisi can be wrienha
O*(t w) [wt® — U(w)] (5. .17)

or inerms of  he previosly defined variables

O*((Dzm)i (¢a)1) [(@2)i (Dam)} — ¥ ((g2).)]
*((D-m)r (g:)1) [(@2): (Dem)i — ¥ ((g2))] (5. .18)
The soliomohe cos fncion comininghe new reglarizaionerms
(eqaion 5. .9) will become qadraic wih res peco whenhe axiliary

variables are fixed. The solionche original cos fncion is easily fond,

becase

(D, ) ming|®(Duq )] (5. .19)
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andhe mininm val es ofhe vecors qx and q, have already been defined

analyically as

min (g
YTy (U (Dam))p?
. d ’(Dzm)l 1
min (q, 5. .
N X (R X o)
The solionche modified cos f ncion will be solved ieraively : alerna -
ively minimizinghe cos f ncion wih res pecoche model parameers and

he axiliary variables, qx and q,. The solionhen becomes

-1
~k | GTG + po Dy’ Q" 'Dy + uzDzTsz_lDz] GT (5. . 1)

wherehe weighing marices are defined irerms ofhe mininm axiliary
variables (5. . ) : Q"' diag((g.)f ™), and Q' diag((g.)F™"). This
macheshe  IRLS solion exacly. Therefore, he Legendreransformaion is

fondo be a more mahemaically formal way o sifyhe a  pproach of an

IRLS solion.

5.2.3 Edge detection and preservation using EPR

As discssed inhe Cha  p er 4, he solionohe modified Cachy cos f ncion
akeshe form of a weighed minimm  norm solion. Inhe case ofhe EPR
cos fncion, derivaiveerms are inrodced, andhe solion is one of a DLS
solion weighed byhe firs order derivaiveso yield a fla solion. Becase

enforcing flaness can be considered a form of smoohing, his will be referred
0 as a smooh solion. The weighing marices, Q x and Q,, locache  pres-
ence of edges, and ad she amon of smoohing a ppliedohe solion. By

examining eqaion 5. . , i is easily seenha ifhe derivaive ofhe model



CHAPTER 5. BLCKY IN VERSI N TECHNIQUES 13

is small (no edge),he a xiliary variable will approach 1, and f1l smoching is

applied. Conversely, if he derivaive ofhe model is large (an edge is  presen),

he axiliary variable will a pproach zero, andhe smochingerm isrned o ff.
Inhis way,  he algorihm will markhe locaion ofhe edges, and ad she
amon of smoohing in ordero preservehem.

Which disconiniies are  preserved depends onhehreshold val e chosen
o specify an edge as opposedo noise. Thishreshold val e is corrolled byhe
scaling parameer ¢ (see igre 5.1). Inhe backgrond areas of he model, he
algorihm is ableo a pply homogeneos smoohing and encorage a piecewise
smooh solion. This is an advanage over cher sparse reglarizaion mehods,
where smooching is weak , and implemened by enforcing limied variaion ( Por -
niagine and Zhdanov, 1999).

The EPR algorihm will firs beesed on a 1 D model. Assming a zero -
offse ex perimen, or one wherehe sorce and receiver are inhe same locaion,
heravelime daa of a horizonally homogeneos earh are measred. The

modeling and migraion o peraors are im plemened as marices in  Malab. The

velociy model, sorce wavele, and synheicravelime daa are dis played in
igre 5. . The backgrond velociy is choseno be a homogeneos m /s,
andhe acosic per rbaion ishen com p edo creae synheic daa.
This simple experimen again revealsha nli ple pairs ofhe parameers
p and § will givehe same val e of 2, or daa misfi ( igre 5.3 A). Becase
he ireracion ofhese parameers is idenical ~ oha ofhe modified Cachy

f ncion shown in Cha p er 4, he discssion willnobere  peaed. The second par

ofhe figre ill sraeshree solions sharinghe same x? val e. I is clearha
only one solion is a ppropriae. Onlyhe correc combinaion of parameers
will yield a solionha is piecewise comnos, and so even wiho  prior

informaion of he model, one shold be ableo  pick ohe correc solion.
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[D,(m)/d]

—N_—V-VVT Weight on denvatlve2
(1+I[D, (m)/d])
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d=0.5 d=2.

igre 5.1: A 1D dep h model, he scaled derivaive, and weigh onhe smooh-
ingerm  forhree di fferen val es ofhe scaling parameer, 6. As ¢ becomes
small, he derivaives are magnified , and all disconiniies are classified as edges.
Smoohing ahese locaions is minimized, indicaed byhe near -zero weighs.
Ashe scaling parameer becomes large, none ofhe disconiniies qalify as

edges, andhe weighs are near 1 indicaing f 11 smoohing.
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igre 5. : The velociy model (A), sorce wavele ( B), and synheic daa wih

one percen Gassian noise added (C).
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inally, igre 5.3 C displayshe effechahe scaling parameer ¢ has on
he solion when p is held consan A large scaling parameer will resl in
small val es forhe scaled derivaive. The weighingerm will approach one,
andhe smoching o peraor receives near fll weigh. Therefore, he solion of
a large 0 val e will approach a smoohed solion . Onhe oher hand, whenhe
scaling parameer is small, he scaled derivaive will be magnified. The weighing
erm will approach zeroorn o ff smoohing, and preservehe discominiies.
A very edgy solion is ex peced forhe small scaling  parameer. However, he
solion dis played is edgy only in one area. The explanaion forhis ishe

ireracion ofhewo parameers.
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igre 5.3: (A) A logarihmic ploof x verss pu for differenvales of 4. (B)
Solions for di fferen parameer pairs of d, and p, all sharinghe 0 p inm
val e forhis  problem. (C) The iniial model, solions for 3 val es of  §, andhe

DLS solion, where p 1 10,
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5.2.4 The interaction of the weighting and scaling param-

eters

The las exam ple demonsraedhahe disconiniies inhe solion are no

comrolled solely byhe scaling parameer, 6. They are also inflenced byhe
weighing parameer, p. The reason forhe srong inflence isha inhe firs

ieraion ofhe algorihm, no edges are deeced, becasehe iniial model is se

o zeros. Therefore, f1l smoohing is a ppliedohe model, andhe weighing

parameer forhis ieraion becomes a combinaion ofhewo parameers
1 ,uz
T (5. .)
o
where u! denceshe verical weighing parameer forhe firs ieraion ofhe

algorihm. I is apparenha a large val e of u,, or a small val e of § will creae
a large weighing parameerha will enforce a very smooh solion . I ishis
combinaion of parameersha creaeshe iniial solionhahe edges are
deeced and classified from.

igre 5.4 showshe progression of bohhe solion andhe weighing ma -
rix ashe algorihm  progresses forhe edgy solion (¢ 1) olained in  ig-
re 5.3 C. The small val e ofhe scaling parameer combines wibhe weighing
parameero enforce a very smooh solion inhe firs ieraion . Ths, when
he edges are idenified and preserved, here are no as many as one wold ex -
pec. The progression of he algorihm forhe smooch solion ( d 1) andhe

bes solion (¢ 1) of he same problem are shown in igres 5. 5 and 5.6.
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igre 5. 4: The solion, and val es ofhe weighing mari x (dashed line) as

he EPR algorihm progresses from he second (A)che fith (D) ieraion of
he edgy solion. The weighingerms have a ma ximm  val e of one for 1l
smoohing, and a minimm  of zeroorn o ff smoching. Noehahe firs
ieraion is no shown becasehe solion is seo zero, andhe weighingerms

are all niyo enforce {1l smoohing.
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igre 5. 5: The solion, and val es ofhe weighing mari
EPR algorihm progresses from he second (A)ohe fifh (

smooch solion.

x (dashed line) ashe

D) ieraion ofhe
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igre 5.6 : The solion, and val es ofhe weighing mari x (dashed line) ashe

EPR algorihm progresses from he second (A)ohe fifth (D) ieraion ofhe

bes solion.
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5.3 Applicati n f EPR t synthetic data

5.3.1 2D examples

To beginesinghe a pplicaion of EPR o D models, he sim ple examples

imrodced in Cha p er aresed . All ofhe exam ples inhis secion will  be
compared wihhe DLS solion, asha ishe sandard inverse solion in
migraion/inversion schemes (Jin e al., 199 ; Thierry e al., 1999 ; D qe e
al., ). The geomery, sorce signare, and synheic daa can be fond in

igres 3.6, 3.7, and 3.11. A comparison beweenhe = DLS and EPR solions
forhe poin scaerer andhe se p perrbaion are seen  inigres 5.7 and
5.8 respecively. Boh solions converge wihin 5 ieraions. Cross secion of
he solions are porrayed in igres 5.9 and 5.1. I is clearhahe blocky
inversionechni qe creaes a more piecewise coninos solions, while sill
being ableo smoohhe noise.

To frher eshe algorihm, a more com plicaed exam pleis esed . A larger
grid, and a more geologically realisic perrbaion are incl ded. Synheic daa
are creaedsinghe sorce-receiver geomery in igre 5.11, and 5 percen
Gassian noise is added. The DLS and EPR solionsche inverse problem
are displayed in igre 5.1 . The EPR solion converged wihin 5 ieraions
of he algorihm. igre 5.13 showshe progression of he pdaed model as i
is refined byhe algorihm. The weighing marices, Q x and Q, clearly mark

he posiions ofhe edges, andrn oflhhe smoohing ahese locaions. The
EPRchnige recovers an almos perfec solion , he exce p ion being made a
he horizonal edges ofhe model.  Aiese locaionshere is no enogh daa
coverageo resolvehe model, deche sorce-receiver geomery.

Lasly, he minimizaion ofhe cos fncion is ill sraed inigre 5.14.

Each minimizaion ofhe newly pdaed I RLS solion is achieved wihin 1
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igre 5. 7: The acosic perrbaion ( A),he DLSsolion ( B), andhe solion
sing EPR (C). The parameers corres pondingohese solions are 1

(B), and 0, 6, 5and p, p, 1(C).
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igre 5. 8: The acosic perrbaion ( A),he DLSsolion ( B), andhe solion
sing EPR (C).The parameers corres pondingohese solions are S (B),
and 6, O, 1and p; (C).
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/_\ Model

igre 5.9: A comparison ofhe cross secions a m dep h ofhewo solions

in igreb. 7.

ﬂ .

igre5.1 : A comparison ofhe crosssecionsa 3 m dep h ofhewo solions

in igre 5. 8.
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igre 5.11: The sorce-receiver geomery ofhe di pping layer model.
ieraions ofhe con  gae gradienalgorihm. I is easily seenhahese pdaed

solions hel p o accelerache solionowards convergence. As well, he firs

ieraion ofhe algorihm ishe “work -horse” ofhe algorihm, andhose a  fer
i are sim ply refinemers onhe algorihm. Becase ofhis, i is im  porano
selec parameersha will yield an o p imm solion inhe firs se p-

5.3.2 Pitfalls to avoid

As one mighss pec, findinghe correc combinaion ofwo hy perparameers
can involve some effor. The x? es can besedo assis, bhisechni qe
is only helpf1 ifhe noise level inhe daa is known, or can be esimaed wih
accracy. As previosly demonsraed, here are nli ple combinaions ofhe
hyperparameers hawill yieldhe same daa misfi Even wihhe assisance of

he x? es, a discriminaingser is necessary. There areechniqes of esimaing

he hyperparameers ( Geman and Reynolds, 199), bhey are nosed inhis
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igre 5.1 : The acosic perrbaion (  A), synheic daa (  B),he DLS solion
(C), andhe E PR solion (D). The parameers corres pondingohese solions
are: [ (C), andd, 6, 35and pu, p, 8 (D).
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igre 5.13: The weighing marices Qx and Q,, andhe pdaed model a
ieraions 1, 3, and 5 ofhe EPR algorihm. Ae firs ieraion, he model is

homogeneos, sohe weighing marices a pply f1l smoohing by defal.
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igre 5.1 4: The magni de ofhe cos f ncion ploed agains ieraion nmber.
The ieraions awhichhe weighing marices are pdaed are marked by sars.

sdy.

However, hyperparameer selecion can be reasonably achievedsing vis al
eval aion . Previos exam ples have shownha even hogh nli  ple pairs of
parameers will givehe same daa misfi only one will rerieve a piecewise
coninos solion. The wrong selecion of hy perparameers is immediaely
obvios, b viewinghe pdaed solions andhe weighing marices a each
ieraion assiss in eval aing which parameer is incorrec. If he final solion
ishe only eval aion , i can be difficlo decide which parameero ad  s.

The effecs of choosing wrong hyperparameer pairs are shown inhe following

examples.
The firs exam ple is one where bohhe weighing parameer u, andhe scal -
ing parameer ¢ arehe wrong magni de. igre 5.15 displayshe progression

ofhe algorihm  hrogh b5 ieraions. Inhe firs ieraion, he combinaion of
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hewo parameers does no yield a large enogh weigho recover a solion
hasmoohs  he noise. Inhe following ieraions, he smaller scaling parameer
indiscriminaely classifieshe disconiniies deo noise as edges, as well ashe
desired ones. This hashe eff ec of no only preservinghese noisy paches in
he solion, bam plifyinghem as well. The final solion, known ashe noisy
solion , is obviosly conaminaed by noise. Here i is clearha even ifhe
earh model is com pleelynknown, his combinaion of parameers is incorrec.
To fixhis solion  , one wold increase ¢ il only large scale edges are marked
and preserved. fhe sameime, 1 shold be increasednil he firs solion

is a smooh one, wih as few disconiniies deo noise as possible, while sill
reaining a clear image.

The second common problem in choosinghe parameers is finding a scaling

parameer which will encom pass all ofhe edges inhe solion . There can
be a wide range of magni des of disconiniies. Ifhe noise inhe solion
creaes discomniniies largerhanhe smaller magni de edges, heser ns

choose beween a noisy solion , or oneha may smooh some ofhe feares.

or naely, becasehe firs ieraion is a smoching o peraor, mos problems
ofhesey pes are avoided. However, one ns be caref lo make s rehe scaling
parameer will mark all ofhe edges.  Inhe second exam ple (igre 5.1 6)he
final solion iself does no indicae any problems.  rher scriny ofhe

weighing marices, Qx and Q, revealha only some ofhe edges are being

marked and preserved. This solion is referredo anhe nder -marked solion.
The algorihm is ableo recover a fair esimae ofhe iniial model by sim ply
saisfying daa misfierm ofhe cos f ncion, bhis is nohe bes solion

possible.

igre 5.17 compareshe DLS solion wihhehree models recovered by

he EPR algorihm so far:he o p imm, noisy, andnder = -marked solions.
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igre 5.15: The weighing marices Qx and Q,, andhe pdaed model a
ieraions 1, 3, and 5 ofhe EPR algorihm.
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igre 5.16: The weighing marices Qx and Q,, andhe pdaed model a
ieraions 1, 3, and 5 ofhe EPR algorihm.
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Wha is dramaically sriking isha even erroneos solions are rerieving a

model comparable or s periorohe DLS solion.  Inhe case ofhe noisy

solion , i is obvioshahe parameers ns be ad sedo minimizehe

noise. Comraryohis, hender -marked solion does no have any glaring

indicaors, exce p forhe fachahe bondaries are no razor shar p. This is

a sble change, and wihohe com parison of a beer solion, i migh be
nrealisico noice. The algorihm isrobs  hogh, andhe solion, even wih
he wrong combinaion of scaling parameers, is beerhanhe DLS solion

5.3.3 A non-homogeneous background model

Ths far, only homogeneos backgrond models have been considered . The algo-
rihm is easily adap ed for non-homogenos backgrond models : allha is nec-
essary areravelime and am pli deables in ordero calclache backgrond
Green’s fncions. Travelimeables are calclaedsing a sim ple ray-shooing
algorihm implemened in Malab . A for layer backgrond velociy model is
creaed , andhe acosic per rbaionsed inhe previos exam ples is s per-
imposed ono p. The inversion is forhe same acosic per rbaion, andhis
solion is addedohe backgrond velociy modelo rerievehe final solion.
I shold be noedha inheory, aable of am pli de daa shold be com  p ed
as well. The approximaion of consan velociy am pli de calclaions is sed
for simpliciy. This does no creaec a  problem wih synheic daa, b migh if
real daa wereo be invered.
The velociy model, synheic daa, and is solions are dis played in ig-

re 5.18. The EPR solion converged wihin 5 ieraions ofhe algorihm.

Again,he s perioriy ofhe algorihm  for recovering high resolion images is

shown.
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(C) and EPR solion (D). The parameers corres pondingohese solions are
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5.4 Su ay

Inhis cha p er,he EPR fncion has been eval aed for a  pplicaionso D

acosic inversion. I~ has been shownhahe half -qadraic mehod of lineariz-

inghe problem is eqgivalenohe IRLS mehod. This linearizaion creaes a

re-weighed fl asolion.  Becasehe fl aness consraincan also behoghof a

ype of smoohness consrain, his is also referredo as a re-weighed smoched

solion . The re-weighing marices deec edgesha arehen preserved by
rning offhe smoohing a a ppropriae locaions.

The disadvanage ofhe EPR fncionis hawo parameers ns be chosen
0 creae a consrain However, i is shownha i is no difficlo visally
eval ache parameers. The algorihm shold generae a piecewise coninos
solion , and even ifhere is no knowledge ofhe earh model, i is obvios
whenhe parameer combinaion is incorrec. In oher words, he arifacs de

o incorrec parameer selecion are easily idemified, and are very difficlo
misake as par ofhe earh model. inally, even when incorrec parameer
combinaions are chosen, he recovered image has a higher resolionhanhe
DLS solion.

Tradiional smoohing consrains ns com promise beween smoohing noise
and preserving edges. In comras, he EPR algorihm can apply a large degree
of smoohing wiho smearinghe edges ofhe solion. Inhis way, he EPR
f ncion recovers high resolion images, s periorohose fond byradiional

migraion/inversion schemes.
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Chapter 6

Conclusions

Wi hinhishesis, he linear scaering problem has been posed as an inverse
problem. In Chap er 2, discree forward and adjoin modeling o peraors were
adap ed from he direc inverse solionhaseshe inverse GRT. These oper-
aors werehen im  plemened inhe framework of discree nmerical inversion in
Chap er 3. This combinedechniqe is known as migraion/inversion (Thierry e

al., 1999). T hashe advanage of being com  p aionally e fficien andhe abiliy

o solve problems comining any sorce-receiver geomery (Bleisein, 1987; Jin
e al.,, 1992).

The inverse scaering problem remains ill-posed, and so consrains ns

be enforcedo rerieve a sable andnige solion. To dae, he sandard
consrain for migraion/inversion schemes is a dam ping or smochingerm  (Jin
e al., 1992 ; Thierry e al., 1999 ; D qe e al., 2000). Thisechni geendso

bl rhe bondaries of acosic properies wihinhe layered earh . In comras,

a blocky inversion wold preservehese edges. Thisy  pe of inversion consrains

he firs derivaives of a f nciono be s parse, resling in a piecewise coninos
solion . The reglarizaionerm irodced in medical imaging by Charbonnier

eal. (1997), is pariclarly aracive becase of is abiliyo a pply any level of
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smoochingo  planar areas wiho desroyinghe resolion of edges.

This reglarizaionerm is fondo be very similarohe Cachy probabiliy
disribion, and is referredo as a modified Cachy f ncion. In Chap er 4, i
is firsesed againshe common s parseness consrairns enforced byhe Cachy
and exponenial disribions inhe 1 D impedance inversion problem. Allhree
prior probabiliy f ncions resl in qasi -linear problems. These problems may
be solved in a linear, ieraive mannersing  IRLS. I is shownhahe modified
Cachy fncion recovers s parse refleciviy series as well ashe sandard con-
srains, b is es pecially sied for recovering blocky im pedance profiles. The
examples show hai is ableo recover shar  p disconiniies se paraed by fl a
planar areas more s ccessf llyhanhe oher prior disribions.

The modified Cachy fncion ishen a ppliedohe 2D acosic, consan
densiy migraion/inversion problem in Chap er 5. Wihinhis conex i is

referredo ashe Edge-Preserving Reglarizaion (E PR) fncion. This name

arises from he fachainis IRLS form he weighing marices ofhe algorihm
deeche posiion and magni de of edges. The amon of smoching a pplied
by he flaness consrain ishen varied accordingohe classificaion ofhe
disconiniies. Inhis way, he algorihm allows a solion comaining large
variaions se paraed by comninos planes.

Tradiional smooh consrains ns com promise beween smoohing noise,

and preserving edges. In comras, he EPR algorihm can apply a large degree

of smoohing, wiho smearinghe edges ofhe solion. Inhis way, he EPR
f ncion recovers high resolion images, s periorohose fond byradiional
smooh consrairs. As well, esing has shownha he EPR algorihm is robs.

Even when incorrec parameer pairs are chosen, he recovered solion is higher
resolionhanhe sandard smooched image.

The firs disadvanage of EPR ishawo parameers ns be seleced



CHAPTER 6. CN CLUSI NS 129

Proper selecion de pends on a good ndersanding ofhe ineracion ofhese
parameers. This occrs when no onlyhe solion is eval aed, b also is
progression in conjncion wihhe weighing marices. Frher, EPR is com-
p aionally more ex pensivehan oher migraion  /inversion schemes. The con-
venional mininm norm, smooh solion can be rerieved by solvinghe linear
inverse problem onceo rerievehe DLS solion. In corras, he E PR scheme
converges wihin 2 — 6 ieraions of a weighed, = DLS solion.

This algorihm has a higher comp aional coshanhosesedo recover
sandard smooh solions. I also re gires high fre qency daa sohahe
asymp oic a pproximaionche Green’s fncions remains valid . Forhese
wo reasonshisechnige is no recommended for large scale seismic srveys.
I is insead more a pplicableo small, deailed sdies, sch as cross -well and
environmenal imaging. Inhese a pplicaionshe need for a  precise image will
j sifyhe cos.

In concl sion, he modified Cachy  prior disribion has been fondo re-
cover very accrae solionso boh 1D impedance inversion and 2D migra-
ion/inversion problems. I recommendha frher sdy be done onhe si -
abiliy ofhe algorihm  for seismic imaging. Specifically,he EPR mehod shold
beesed on siably processed finie di fference daa, andhen on real daa. A
omaic hy perparameer selecion shold also be ex  plored. Finally, applicaions

o oher geo physical areas of EM, graviy and GPR imaging may be of ineres.
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Appendix A

The scalar wave equation

This deriva ion follows he explana ion and erminology of he second chap er of

Lay and Wallace (1995).

A.1 Strain

The mo ions wi hin a solid can be described by a vec or field, u(x, t). This field
describes he mo ion of every poin in a medi m of a con in o s dis rib ion
of par icles. I is ass med ha he mo ion ndergone is a s raining, or in ernal
deforma ion. The deforma ions can be classified in 0 wo ypes: normal s rains
and shear s rains. Normal s rains are meas res of elonga ion only, while shear
s rains incl de informa ion of ang lar deforma ion.

The hree dimensional s rain ma rix incl des nine erm:

€11 €12 €13
€91 €99 €93 . (All)

€31 €32 €33

The normal s rains, €7, €29, and €33 give he rela ive leng h changes in he
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coordina e direc ions. The remaining six shear s rains give he ang lar changes

of each coordina e direc ion wi h respec o he o her direc ions.

A.2 The relation between strain and displace-
ment

The s rain is rela ed o displacemen deriva ives by he rela ion

1 8uZ 8uj
o= = A21
ij 2 (83:]- * 83:1-) ( )
1
= 5(’(1,1"]' -+ uj,i) s (A22)

where he final expression is in indicial no a ion. This rela ionship holds if bo h
he s rain and displacemen deriva ives are small. The race of he s rain ensor

is called he c bic dila a ion, and also rela es o he displacemen vec or

8U1 aUQ 8’&3
0=c¢ e + % + O V-u (A.2.3)

A.3 Stress

Two ypes of forces can ac p on a con in m: body forces and con ac forces.
These forces will depend ei her on he vol me (body force) or s rface area (con-
ac force) of he ma erial. S ress, o, is a con ac force, and can be expressed in

ensor form as

. AF;
Oij = llmAAi_)OA—A]- . (A31)
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Here, Fj is a small force ac ing in he j™ direc ion on a s rface area A; ha has
a normal in he 7" direc ion. Combining informa ion from all direc ions in he

3D sys em res | sin he s ress ensor

011 012 013

091 O 093 | - (A.3.2)

031 032 033
As in he case of s rain, diagonal erms describe normal s resses, and all o hers
describe shear s resses. The eq ilibri m eq a ions req ire a balance of spa ial
gradien s of he s resses in a medi m for ha medi m o be in s able eq ilib-

ri m (Lay and Wallace, 1995). These eq a ions are s mmarized

80’i]‘

=0. A3,
50 =0 (A.3.3)

To main ain eq ilibri m, he momen s of he body m s also be zero. This

res | s in a symme ric s ress ensor, where

Oij = 0y - (A34)

A.4 Equation of motion

The force per ni vol me of a body of densi y p is

62?1/1'
T

(A4.1)

The force per ni vol me is also eq al o he combined ac ion of he body

and con ac forces
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Baz-j

5 (A.4.2)

fi+

where f; is he body force per ni vol me. The con ac force is defined in erms
of s ress, beca se s ress is defined as force per ni area A.3.1. Combining hese

wo defini ions of force wi h New on’s Law yields he eq a ion of mo ion

BQui aO'ij

(A.4.3)

The homogeneo s eq a ion of mo ion describes he case where body forces are

no considered

82’&1' _ 80,5
p 8t2 N a’L‘j ‘

(A.4.4)

Hooke’s law describes he rela ion be ween s ress and s rain, and herefore,
can be sed o define a rela ion be ween displacemen and s ress. The general

form of Hooke’s law is

Oij = Cijki €kl - (A.4.5)

The elas ic mod li of he ensor Cjj; describe he medi m’s ma erial prop-
er ies. An iso ropic elas ic s bs ance has only wo independen elas ic mod i,
called he Lame cons an s, A\, and u (Lay and Wallace, 1995). These are rela ed

o he general elas ic ensor

Cijrr = A0y O + (bik dj1 + it Oj ), (A.4.6)



APPENDIX A. THE SCALAR WAVE EQUATI N 140

where 6 represen s he Kronecker del a f nc ion. Incl ding his in Hooke’s law

(A4.5) res 1 sin

035 = [ A 0ij O + 11 (ke 650 + Gir O ) | €xa - (A.4.7)

Using heiden iy ha g€ = €xg, his can be rewri en as

045 = A €kk 5ij + 2,“%‘ = /\05” + 2,ueij . (A48)

The eq a ions of s rain-displacemen (A.2.2), Hooke’s law (A.4.5), and he
homogeneo s eq a ion of mo ion (A.4.4) can be combined o yield an eq a ion
of mo ion for an iso ropic linear elas ic medi m no s bjec o body forces.

Considering only he x direc ion in he homogeneo s eq a ion of mo ion

6211,1 . 80'11 60'12 80'13

o = 0uy | Ozp | Oxy (A.4.9)

Hooke’s law and he s rain-displacemen rela ions for his direc ion yield expres-

sions for he s rain

8u1 8?1,2 8’&3 6u1
=A0+2 =\ 2 — A4l
ou ou
019 = 2/.1/612 = /_1/ (a—x; + a—xj> 5 (A411)

and

0 0
0'13:2,&613:,& ( “ + U3> . (A412)

Ozs  Om
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Combining eq a ions (A.4.10), (A.4.11), and (A.4.12), and ass ming ha X and

p are cons an  hro gho  he medi m yields

oy . 00 ) <8u1 Bus 8u3) u(a%l 0%us 62u3>

P = oz TP o\ an T oms T on 02 oi2 T oa2
(A.4.13)

Using he iden i ies of ¢ bic dila a ion, §, and he Laplacian, V2 u,, gives

= — . A4.14
P (A+u)ax1+uv U ( )

The same rela ions in he y and z direc ions yield

0%u 00
p 8t22 = (A + /1’) 81'2 + ,U,V2 U2 ’ (A4]‘5)
and
0%u 00
P 8t23 =(A+p) s +uVu;g. (A.4.16)

In vec or form, hese hree expressions combine o crea e a hree dimensional

homogeneo s eq a ion of mo ion

2
p%—tl; =M+ wV(V-u)+pViu. (A.4.17)
Using he vec or eq a ion
Viu=V(V-u)— (VxVxu), (A.4.18)

he eq a ion of mo ion s bseq en ly becomes

0%u

Pam = A+2p)V(V-u)— (pV xV xu) (A.4.19)
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A.5 Helmholtz’s theorem

Helmhol z’s heorem s a es ha any vec or field u can be wri en in erms of a

vec or po en ial ¥, and a scalar po en ial ® as

u=Ve+4+V xVU, (A.5.1)
if
Vx®=0, (A.5.2)
and
V- U =0. (A.5.3)

S bsi ing Helmhol z’s heorem (A.5.1) in o he vec or eq a ion of mo ion

(A.4.19), and sing he iden i y (A.4.18) gives

2

P
\Y ()\+2/L)V2(D—p887 +V x

*v
p V> — pW] =0. (A.5.4)

Th s, he eq a ion will be sa isfied if each bracke ed erm goes o zero. By

A+ 2
=,/ P (A.5.5)
e
B = \ﬁ, (A.5.6)

le ing

and
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eq a ion (A.5.4) will be solved if

1 0%®
2p - —— = A5,
v peIETD 0, (A.5.7)
and
9 1 0¥ . A
V W - EW —_— 0 . ( .5-8)

This yields a scalar wave eq a ion for he po en ial ®, having a veloci y, «,
ha is known as he P wave veloci y for press re, or longi dinal waves. The
vec or wave eq a ion for po en ial ¥ has a veloci y §, ha is known as he S
wave veloci y for shear, or ransverse waves. Bo h of hese po en ials describe a
wavefield, or a sys em of waves. The displacemen d e o he P and S waves are

fo nd by comp ing he gradien or c rl of he respec ive po en ials.
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Appendix B

The reflection coefficient

Following he deriva ion of Lay and Wallace (1995), he inciden P (longi dinal)
wave is described by a 2D plane wave sol ion o he po en ial disc ssed in

Appendix A

@Z’n = AineIpiw(p$1+ﬂ1$3_t) . (BO].)

Here p = sin(i)/c is he horizon al slowness and 7, = cos(i)/c is he ver ical
slowness in medi m 1, where 7 is he inciden angle of he wave. The veloci y ¢
is P-wave veloci y, 1 and x3 are he horizon al and ver ical direc ions, and ¢ is
ime.

The reflec ed and ransmi ed waves are described in he same manner

(Drefl = Areflexpiw(pxl_mxs_t) ) (BOQ)

and

cI)trans = Atransexpiw(pzl+n2z3_t) . (BO3)
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Therefore, he waves in he 2 differen medi ms are s mmarized as

(1)1 = (I)zn + (I)refl , (B04)

and

CDQ = (I)tra,ns - (B05)

The nex s ep is o enforce bo ndary condi ions. Firs ly, we ask ha dis-

placemen be con in o s across he bo ndary, or ha a x5 =0:

0d, 00,
A=A - B.0.6
S bsi ingeq a ions B.0.4 and B.0.5 in o his expression res | s in
™m (Am - Arefl) = 772Atmns . (B07)

The second condi ion we impose is ha s ress be con in o s across he bo ndary

or ha

033 = AVD + 2uez3 = 035 - (B.0.8)

The variables A and i are he Lame parame ers, o represen s s ress, and € rep-
resen s s rain. Beca se his deriva ion is for aco s ic waves solely, i is ass med
ha p = 0. However, i sho ld be no ed ha he final answer is valid for solids

as well. Hence i is imposed ha

)\1V2(I)1 = )\QVQ(I)Q . (B09)
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Using he defini ion ha V2® = —w?/c® ®, his becomes

M

c2

A
(Am + Arefl) = 0_22 Atrans . (BOlO)

Nex , sing he defini ion ha ), = p,c? where p is densi y, and combining

eq a ions B.0.7 and B.0.10 we arrive a

Arefl _ P21 — P17)2
A, pime + pam

(B.0.11)

This eq a ion defines he reflec ion coefficien or reflec ivi y R. In he ver ical

incidence case, (7 = 1/c; and 7o = 1/¢3)

R = P2C2 — P1C1

. (B.0.12)
pi€1 + pace

The reflec ion coefficien can also be wri en in erms of impedance, where I = pc

Ih—1T
R=2"1
L+ 1

(B.0.13)
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Appendix C

The convolutional operator

The convol ional of wo con in o s series, ¢, and z is defined (Margrave, 1998)

y(t) = /0(7') x(t—7)dr. (C.0.1)

When hese series are discre e, he convol ion is expressed as

Y = chxjfk : (C.0.2)
k

The example below demons ra es how easily convol ion can be achieved by

placing he vec or ¢, in 0 a ma rix opera or C

/cl 0 0 O (xl\ ( Ty

Co C1 0 0 To T1Co + ToCy
0 ¢ ¢ O x3 | = | 22 + x3C1 | - (003)
0 0 Co C1 T4

oo o))\

The conj ga e, or adjoin of he conj ga e opera or is defined as CTy = x.

I3Co —+ T4Cq

By again sing he simple example we find
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(01 Co

0 C1
0 O
0 O

Co

C1

e}

Co

1

0)

C2

(?Jl\

Y2
Y3
Ys

\{)

This can be rewri en as he s mma ion

Tj = E CkYj+k -
K

(%01 + ym\
Y2C1 + Y3C2
Y3C1 + YaCo
YaC1 + Y5C2

NP

In con in o s form, he s mma ion becomes he in egral

(1)

/b(t) y(t+7)dt,
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(C.0.4)

(C.0.5)

(C.0.6)

which is he defini ion of cross-correla ion (Margrave, 1998). Hence, he conj -

ga e or adjoin of convol

ion is cross-correla ion. Bo h he forward and adjoin

discre e opera ors may be placed in o ma rix form.
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Appendix D

The DLS solution

Inverse heory sol ions req iring finding he minima of q adra ic f nc ions. I
is necessary o ake he deriva ives of ma rix and vec or combina ions. The cos

or objec ive f nc ion of he minim m norm sol ion is

J(m) = (d — Gm)"(d - Gm) 4+ ym’ m. (D.0.1)

The cos f nc ion can also be wri en in s mma ion no a ion as

(D.0.2)

where j and k are d mmy variables. Following he deriva ion of Menke (1984),

he erms are m 1 iplied o o yield

M M M M N
= D> mimi ) Gme—2Z m; Z Gij di +
j=1 k=1 i=1

M M

XNI: Z > my (D.0.3)

: k=1
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The deriva ive of he firs erm is

9 M M M M M N
amq Z Z mg my Z Gl] sz = Z Z [5quk + mjékq] Z Gij Gz‘k
j=1 k=1 i=1 j=1 k=1 i=1

M N

No e ha he deriva ives of he form Om;/0Om; red ce o he Kronecker del a

d;5. The deriva ive of he second erm is

9 M N M N
-9 9 [ Z m; Z Gij dz -2 Z 5jq Z Gij dz
71 j=1 i=1 j=1 i=1
N
:-QZQW. (D.0.5)

The deriva ive of he hird erm is zero, since i does no depend on he model

parame ers, b only on he da a.

) N
EEIE:QQI:O. (D.0.6)
=1

Finally, he deriva ive of he las erm, he minim m norm erm is

9 M M M M
am [,U, Z Z m; mk] = U Z Z [5quk + mjékq]
q - -

= 2u i my (D.0.7)

<
Il
—_
ES
Il
—

The minim m of he cos f nc ion is fo nd by combining all he deriva ives

and se ing heres |l ing eq a ion o zero
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M N

N M
q i=1 k=1

k=1 =1

= 0. (D.0.8)

When wri en in ma rix no a ion, his red ces o he linear eq a ion

G'Gm+pym—-G'd=0. (D.0.9)

The sol ion o his eq a ion yields he well-known DLS sol ion

m=(G'G +puI)"'G"d. (D.0.10)



