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Abstract

This thesis presentsan acoustic migration/inversion algorithm that inverts seismic re-
ection data for the angle dependent subsurface re ectivity by means of least-squares
minimization. The method is based on the primary seismic data representation (single
scattering approximation) and utilizes one-way wave eld propagators (‘wave-equation
operators') to compute the Green's functions of the problem. The Green's functions link
the measured re ection seismic data to the image points in the earth's interior where an
angle dependent imaging condition probesthe image point's angular spectrum in depth.

The proposed least-squares wave-equation migration minimizes a weighted seismic
data mist function complemented with a model spaceregularization term. The regu-
larization penalizes discontinuities and rapid amplitude changesin the re ection angle
dependent common image gathers - the model space of the inverse problem. 'Rough-
ness' with respectto angle dependenceis attributed to seismic data errors (e.g.,incom-
plete and irr egular wave eld sampling) which adversely affect the amplitude delity of
the common image gathers. The least-squaresalgorithm ts the seismicdata taking their
variance into account, and, at the sametime, imposes some degree of smoothnesson the
solution. The model spaceregularization increasesamplitude robustnessconsiderably.
It mitigates kinematic imaging artifacts and noise while preserving the data consistent

smooth angle dependence of the seismic amplitudes.



In least-squaresmigration the seismic modelling operator and the migration operator
- the adjoint of modelling - are applied iteratively to minimize the regularized objective
function. Whilst least-squares migration/inversion is computationally expensive syn-
thetic data tests show that usually a few iterations suf ce for its bene ts to take effect.
An example from the Gulf of Mexico illustrates the application of least-squares wave-
equation migration/inversion to areal-world dataset. The efcient implementation of
the algorithm is a challenge and had to be con ned to two spatial dimensions (i.e., 2-D
earth). Fortunately, distributed computing acceleratesthe computational turnaround of
least-squares migration/inversion greatly. Therefore, given the rapidly evolving com-
puter technology, it is conceivable that 3-D least-squares migration/inversion will be-

come amenableto a practical implementation in the near futur e.
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Introduction

Seismicimaging of geological subsurface structuresand the inversion for seismicre ec-
tivity are powerful tools for the detection, interpr etation and the appraisal of hydr ocar-
bon reservoirs. The seismic re ection method can be understood as a multi-sour ce and
multi-r eceiver scattering experiment. Seismic sources and receivers are placed at the
earth's surface. The sourcesemit seismic energy into the subsurface at varying locations
and the receiversrecord the earth's responseas a function of time and position relative
to the source. The goal of seismic imaging/inversion is to invert the recorded response
(wave eld seismograms)for the subsurfaceproperties. To this end a stepwise, linearized
imaging/inversion strategy basedon the primary (i.e., single scattering) wave eld rep-
resentation has been adopted in this thesis. One distinguishes between imaging and
inversion, although, this distinction is not sharply de ned and quite often subjectto de-
bate (Wapenaar, 1996). Roughly, imaging aims at producing a map or an image of the
position and distribution of the re ecting boundaries and objects by back-propagating
the surfacewave eld. In addition to that, inversion attempts to invert for the magnitude
variations of the angle dependent subsurface re ectivity . The inverted re ectivity is re-
lated to the medium's detail structure and contains information about the local rock and
pore-spaceproperties. In exploration seismology, imaging is usually termed (depth or
time) migration. Migration is lessdemanding than inversion in terms of wave eld am-
plitude preservation, the phase(i.e., travel-time) is the primary concern. In inversion one
demands both correct phase and correct amplitude information. Hence, the proper dy-
namic treatment of the recorded wave eld becomesan issue. Since,in a practical sense,
migration can be regarded as a less ambitious form of inversion, the umbrella term mi-
gration/inversion is frequently used to emphasize this closerelationship.

The primary data representation invokes a number of simpli cations to make the



Figure 1: Seismicenergy partitioning for a compressionalwave (P wave) impinging on a plane
interface in an elastic continuum at an angle . Both re ected and transmitted compressional (P)
and shear (S) waves result. The discontinuity separatesregions of dif ferent compressional-and
shearwave velocity and density, , and ,respectively.

generally non-linear inverse problem tractable. The inversion is tackled by a stepwise,
linearized approach and is based on certain assumptions regarding the physical pro-
cessegesponsiblefor the seismic data. Essentially, the inversion processconsistsof three
stages:surface related pre-processing(e.g., surface related multiple suppression), angle
dependent re ectivity migration/inversion and target related post-processing(medium
parameter inversion) (Berkhout and Wapenaar, 1990).

Most notably, the primary data representation handles only single scattering data.
Multiply scattered data are treated asnoise, and multiple suppressionis a key ingredient
in the rst processingstage.

The secondstageinvolves wave eld back-propagation and re ectivity estimation. A
macro- or background velocity model for wave eld back-propagation is inferred from
the travel-time related attributes of the surfacewave eld with the help of velocity analy-
sisor tomographic techniques. Basedon the independently obtained macro-velocities the
surfacewave eld is back-propagated (migrated) into the subsurfacewherethe re ection
angle dependent target re ectivity is estimated. The procedural separation between the
determination of the long wavelength properties (macro-velocities) and the estimation
of the short wavelength attributes (re ectivity) is atypical characteristic of the stepwise,
linearized inversion approach.

The third stage attempts to infer detailed medium parameter information from the

inverted re ectivity . It is important to realize that, in exploration seismology, one deals




mostly with fairly regular interfaces that separate geological units of different physical
properties. Hence, the scattering processis usually treated, somewhat undiscriminat-
ingly, as specular re ection scattering. The earth is generally described as an elastic
continuum with many discontinuous interfaces. Figure 1 illustrates elastic specular re-
ection and transmission scattering for the simple two layer case. In this situation, the
well-known Zoeppritz equations (Aki and Richards, 1980)govern the wave energy par-
titioning at the interface as a function of medium parameters (i.e., compressional- and
shear wave velocity and density), and angle of incidence. Elastic mode conversions be-
tween compressional (P) and shear (S) waves occur as the waves undergo scattering.
Supposing migration/inversion can provide a reliable estimate of the angle dependent
re ection coefcient (ideally, for all involved wave eld modes), Zoeppritz's equations
allow then to invert for the medium parameters above and below the interface. This is
not an easy task, since non-linearity , non-uniqueness etc. complicate the inverse prob-
lem. Finally, the inverted medium parameters can be interpr eted in terms of rock and
pore-spaceproperties.

The outlined processing ow has many shortcomings that can hamper a successful
and unambiguous inversion. For instance, the single scattering assumption means that
wave modes are allowed to change their type only once during propagation. Transmis-
sion lossesare neglected entirely. That is, single scattering also implies that the medium
contrasts have to be somewhat weak. Furthermor e, where the local interface curvatur e
is signi cant compared to the dominant wave eld wavelength, the description of scat-
tering in terms of a specular re ection processbreaksdown; a more general theory than
Zoeppritz's equations that relatesthe scattering angle spectrum with the medium prop-
erties is then required. In practice, however, inversion basedon the described strategy
has oftentimes been successfulwithin its limitations. Rather than an inversion for abso-
lute values, seismic imaging/inversion is a scienceof anomalies (Castagna, 1993). The
inversion for relative parameter variations and deviations from certain expected aver-
age values has proven to be a realistic goal. The detected anomalies hold many clues
and are a valuable aid for the structural, stratigraphic and lithologic interpr etation of the
subsurface.

Figure 2 details the inversion processin a schematic owchart (Berkhout and Wape-




Multi-component seismic shot records
I
Decomposition in P and S waves
I
Surface multiple suppression
I I
Estimation of P macro velocity field Estimation of S macro velocity field
| I
Migration/inversion of PP response Migration/inversion of PS response
| I
Elastic inversion for P and S velocity and density
I
Lithologic inversion for rock and pore parameters

Figure 2: Flowchart illustrating linearized seismic inversion in steps (modied after Berkhout
and Wapenaar (1990)). The highlighted sub-process,PP least-squares migration/inversion for
re ectivity inversion, is the main topic of this thesis. Each box in this owchart is a topic of
ongoing reseach in its own right.

naar, 1990). The owchart is specic for seismic data acquired on land. In the marine
cases,where sourcesand receiversare separated from the elastic earth by a water layer,
obvious modi cations apply.

The main topic of the thesisis the highlighted boxin Figure 2,the migration/inversion
of compressional waves for angle dependent subsurfacere ectivity (P to P re ections).
Mor e speci cally , anovel least-squareswave-equation migration/inversion isintr oduced
that yields regularized common image gathers (CIGs). The approach is novel in that it
combinesthe concept of numerical least-squaresoptimization, wave-equation migration
in complex media and angle dependent imaging. The least-squares migrated CIGs, the
solution of the inversion, contain amplitude information closely related to the bandlim-
ited re ectivity . They are of potentially higher quality and delity than conventionally
obtained CIGs. Sinceonly compressional waves are considered, the theory for migra-
tion/inversion is developed within the lessinvolved acoustic approximation of contin-

uum mechanics.




In migration/inversion one attempts to invert the seismic data by constructing an ap-
proximate inverse to the forwar d integral operator that relatesthe subsurface model per-
turbations (the re ectivity) to the observed seismograms (e.g., Clayton and Stolt (1981),
Bleistein et al. (2001)). Under the single scattering approximation, the integral opera-
tor can be approximately inverted via a linear integral operator. This integral operator
is composed of Green's functions that account for the wave propagation in the back-
ground medium (i.e., the macro-velocity eld). Migration/inversion algorithms using
ray-theoretical Green's functions are based on the solutions of the eikonal and trans-
port equation, the high frequency approximation of the wave-equation. Alternatively ,
one-way wave eld propagators can be employed to calculate the Green's function of
the problem (e.g., Gazdag and Sguazzeo (1984), Stoffa et al. (1990), Ristow and Ruhl
(1994)).Theseoperators, frequently called wave-equation operators, have the advantage
of inherently accounting for multi-pathing (Gray and May, 1994). Evidence is mount-
ing that wave eld propagators perform signi cantly better than techniques basedon the
high frequency approximation.

Oneway to invert seismicdata entails the approximate inversion of the forwar d mod-
elling operator by analytical means. A secondtechnique involves a numerical approach
wher e the solution is retrieved by solving alinear discrete inverse problem. In that case,
one seeksa model that ts the seismic (primary) data and, moreover, exhibits certain
featuresand characteristicsimposed by a model regularization. This approachto migra-
tion/inversion is called least-squaresmigration. Early developments of least-squaresmi-
gration canbefound in LeBrasand Clayton (1988)and Lambaré et al. (1992).Mor e recent
papers by Nemeth et al. (1999)and Duquet et al. (2000)focus on the advantages of least-
squares Kir chhoff migration/inversion (i.e.,imaging basedon ray theory) when uneven
subsurface illumination and imaging artifacts due to irregularly and coarsely sampled
seismic wave elds are the issue. Duquet et al. (2000)also demonstrate how to further
impr ove the mitigation of sampling artifacts in common offset Kir chhoff migration by
applying an smoothing constraint on the offset CIGs. As opposed to the course taken in
this work, all of the cited least-squares migration algorithms are basedon ray-theoretical
Green'sfunctions.

Kuehl and Sacchi(2001b)show that, in principle, the concept of least-squares migra-




tion can also be applied to split-step DSR (double-square-root) wave eld propagators
(Claerbout, 1985; Popovici, 1996). With the intr oduction of a data covariance matrix
(Tarantola, 1987)least-squares migration can account for missing data and unbalanced
subsurface illumination due to variations in the common-midpoint (CMP) fold. Unfor-
tunately, the standard recursive DSR implementation does not offer an ef cient com-
putation of offset CIGs as common offset Kirchhoff migration does. A non-recursive
implementation of DSRmigration, on the other hand, allows for the computation of sep-
arable offset DSR operators (Popovici, 1995;Kuehl and Sacchi,2001a),but precludesthe
use of modi cations, such asthe split-step correction, that generalize the DSR operator
for laterally varying media. That is to say, an alternative to common/separable offset
wave-equation migration needsto be found for regularized least-squareswave-equation
migration to be of practical use.

Recently, increasing attention has been given to wave-equation imaging principles
that yield angle domain CIGs in complex media. These CIGs carry valuable angle de-
pendent amplitude information (e.g.,Stolt and Weglein (1985),de Bruin et al. (1990),Xu
etal. (1998),Pruchaetal. (1999),Wapenaaretal. (1999),Mosher and Foster(2000),Savaet
al. (2001)). The employed ray parameter CIGs consist of a set of depth images asa func-
tion of offsetray parameter extracted from the back-propagated seismicwave eld. These
CIGs are similar to migrated (i.e., slant stacked) midpoint-of fset gathers (Ottolini
and Claerbout, 1984;Mosher et al., 1996;Mosher et al., 1997). However, in generalized
DSRmigration combined with ray parameter domain imaging the order of slant stacking
and wave eld propagation is reversedthereby relaxing the restriction to laterally invari-
ant media. The midpoint-of fset wave eld gathers are recursively back-propagated and
the wave eld is decomposedat eachdepth level. Lastly, the wave-equation imaging con-
dition (evaluation of the propagatedwave eld attime zero)is applied to the slant stacked
local wave eld. The amplitude variations with ray parameter (AVP) are closely related
to the amplitude variations with angle (AVA) of the bandlimited re ectivity . Knowing
the dip directions and the dip angles of the (locally) plane re ectors the CIGs can be
converted to AVA plots.

In order to cast generalized DSR migration for AVP/A VA inversion into the least-

squares framework, one needsto de ne a modelling/migration adjoint operator pair.




The migration and modelling operators are then iteratively applied to minimize the
weighted least-squares data mist using a conjugate gradient (CG) optimization algo-
rithm. The proposed least-squares DSR migration is constrained with a ray parameter
dependent smoothing regularization that increaseshe robustnessof the inversion (Kuehl
and Sacchi,2002).The constraint penalizes discontinuities and rapid amplitude changes
that most likely stemfrom numerical imaging artifacts and acquisition footprint, not AVA
effects.

The thesisis organized asfollows: Chapter 1 discussesthe forwar d seismic modelling
problem in great detail. In the second chapter, inversion concepts based on the previ-
ously outlined primary data representation are devised. As already mentioned, there
exist essentially two avenues that can be followed to achieve this: by approximations
to the inverse problem solution, or by numerical optimization schemes,both of which
are conveniently derived within the framework of least-squares optimization. The third
chapter exempli es and tests the theory derived in the previous chapters with numer-
ous synthetic data examplesranging from simple to complex. In Chapter 4 least-squares
migration for AVP/A VA is applied to areal-world marine datasetfrom the Gulf of Mex-
ico. Real data issueslike macro-velocity model building and multiple suppression are
addressed.The last chapter digr essesbrie y into computational issuesof (least-squares)
migration. Efciency considerations are an integral part of any discussion on seismicin-
version, since a fast computational turnar ound is imperative. Chapter 5 intr oduces the
real-valued Hartley transform asan alternative to the complex-valued Fourier transform
to optimize the modelling and migration operators (Kuehl and Sacchi,1999;Kuehl et al.,
2001). That chapter also touches on the topic of distributed computing. Finally, a con-
cluding discussion summarizes the main points of the thesis and attempts to shed some
light on the road ahead.




Chapter 1

Seismic data modelling

The rst step to the formulation of any inverse problem is the forward or modelling
problem. It is emphasized what may be obvious: If a forwar d/modelling operator fails
to describe the relevant physics of a processone is seeking to invert, the inverse oper-
ator will give erroneous results. Any mathematical operator, of necessity becomesan
idealization of the true nature of physics, capturing some featuresand excluding others.
However, if care is taken that the physics of a sub-processis suf ciently honoured, a
successfulinversion for the parametersin uencing this processis oftentimes possible.
This thesis is concerned with the imaging/inversion of the earth's subsurface prop-
erties using re ected seismicwaves. Seismicimaging/inversion hastwo goals. First, the
seismic surface data are back-propagated (inversely extrapolated) into the earth to image
and position geological structures("depth migration’). Second,if care is taken that ampli-
tude effects are accounted for during back-propagation (‘true-amplitude migration') the
data canbe locally inverted for the amplitude variation with angle of the re ection coef-
cients. The secondgoal is more demanding but, if successful,allows for the inversion of
physical parameters de ning the geological units separatedby the re ecting interfaces.
The inverse problem becomestractable by simplifying the forward modelling rela-
tionship. Mor e precisely, the employed imaging/inversion techniques are basedon alin-
earized, acoustic primary representation of the seismic surface data. Suchtechniques do
not account for multiply re ected waves (multiple scattering). This imposes a smallness
constraint on the coefcients de ning there ecting boundaries. Where signi cant multi-

ple seismic energy is presentin the data, multiple suppressiontechniques prior to imag-



ing/inversion have to be applied. In any case,the ‘robustness' of the imaging/inversion
algorithms with respectto all simpli cations needsto be assessedcarefully. It therefore
is important to discussthe seismic data modelling operators in some detail.

Besidesthe limitations mentioned above, the simplied seismic data representation
has other shortcomings (Gray, 1997). First, the modelling operators are derived for a
uid-like medium. In reality, seismic waves propagatein an elastic earth. That is, longi-
tudinal (compressional)and transversal (shear) waves exist and mode conversion occur
at interfaces. In spite of the restriction to compressional waves, seismic imaging based
on the acoustic wave-equation hasin many casesbeen successful. This is explained by
the fact that seismic sourcesgenerate mostly compressional waves. Furthermor e, most
seismic surveys record only the pressure or the vertical particle velocity component and
thus register predominantly compressionalwaves. The latter statement implies that the
seismicwaves travel in anear vertical dir ection at the receiverlocation. The normally low
near surface velocities help for this assumption to be ful lled. When elastic wave prop-
agation effects are signi cant the formalism needsto be extended to elastic media (e.g.,
Wapenaar et al. (1987)).This extension is basedon the premisethat the recorded seismic
data can be decomposed into compressional and shear wave responsesbefore applying
the imaging/inversion operators (Wapenaar et al., 1990). Second,the described method
ignor es anisotropy, which is known to affect seismic waves dynamically and kinemati-
cally (Vestrum et al., 1999). While it is possible to generalize the described operators to
accommodate the kinematic effects of anisotropy (Kitchenside, 1991;Le Rousseau,1997)
such an extension is beyond the scope of this thesis. Third, the operators fail to correct
for wave eld attenuation. Attenuation through lossy material can be modelled by an
exponential loss of amplitude along the propagation path (viscoelastic media). However,
it is dif cult to estimate the amount of loss to be corrected. Fourth, the effects of ne
structure in the medium properties on wave eld propagation are neglected owing to an
implicit smoothnessassumption underlying the derivation of the propagators.

Based on all of the above, Gray (1997) assertsthat one can raise valid objections
againstthe entire subjectof “true-amplitude' seismicimaging/inversion. Claerbout (1992)
summarizes the same scepticism, stating “The phrase “true-amplitude migration' has

guestionable meaning”. However, seismic imaging has proven many times to be a ro-




1.1. BASIC EQUATIONS

bust tool for structural imaging of subsurface properties. To an extent this is also true for
the inversion for amplitude information, since,accomding to Gray (1997), true-amplitude
migration' for AVA inversion can be seenasa more rigor ous, wave-equation based ex-
tension of amplitude variation with offset (AVO) analysis. It is widely acceptedthat AVO
analysis has contributed to exploration successin the past (Gray, 1997).Despite this eco-
nomical successthe ability of the employed operators to produce AVA information must
be considered a bonus to the more robust structural imaging capabilities. The correct
treatment of angle dependent amplitudes is bound to fail if one or more of the assump-

tions implicit in the above simpli cations is severely violated.

1.1 Basicequations

The basic equations for wave propagation in continuous media are briey reviewed for

the sake of completeness(e.g., Wapenaarand Berkhout (1989)).

1.1.1 Equation of motion and constitutive relation

For lossless,inhomogeneous solids the linearized equation of motion (Newton's law) in

cartesian coordinates reads:

—_— — (1.1.1)
where stand for , and ,respectively, and . Thevector isthe particle
displacement asa function of the vector and time . Furthermore, repre-

sentsthe nine components of the symmetric stresstensor, also asa function of spaceand
time. The scalar is the spacedependent massdensity in the equilibrium state.

For an isotropic material the linearized stress-displacementequation (Hooke's law) is:
_ — (1.1.2)

where is the Kronecker delta and and are the spacedependent
Lamé parameters. The  arethe nine components of the symmetric strain tensor. Lamé's
parameters are related to the bulk compressionmodulus and the shearmodu-
lus by - and , respectively. The bulk modulus of incompr ess-

ibility describesthe material resistanceto a changein volume when subjectto aload. It is

10
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Material | K (GPa) | G (GPa)
Water 2.1 0 0.5 1.0
Sandstone 17 6 0.34 1.9
Olivine 129 82 0.24 3.2

Table 1.1: Elastic parameters for some common earth materials (after Lay and Wallace (1995)).

de ned by the ratio of an applied hydr ostatic pressure to the induced fractional change
in volume. The shearmodulus, or rigidity is a measure of a material's resistanceto shear
stress. Yet another frequently used modulus is Poisson'sratio . It describesthe ratio
of radial to axial strain when a uniaxial stressis applied (e.g., ).

Poisson'sratio's relation to Lamé's parametersis:

(1.1.3)

The maximum value is . Thisis true for a uid, when . Most earth materials
have a Poissonratio between 0.22and 0.35(Lay and Wallace, 1995). Table 1.1lists typical
values of the bulk modulus, the shear modulus, Poisson'sratio and density for a few

common earth materials.

1.1.2 Acoustic approximation

The equations (1.1.1)and (1.1.2) are simplied for uid-like media. The off-diagonal
stresstensor components , where (shear stresses),are zero; hence, and
. Pressure is de ned by and can be written as

according to Pascal'slaw. The equation of motion (1.1.1)simpli es to:

— (1.1.4)
and the stress-displacementequation (1.1.2)becomes:
(1.1.5)
Next, sourceterms are added to the equations (1.1.4)and (1.1.5):
— (1.1.6)

11
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and
— a.1.7)

where is the body forcedensity and representsavolume density of volume injection
(for example an airgun). Notice that equation (1.1.7)is the equation of continuity . The
equations (1.1.6)and (1.1.7)are combined to the second order variable-density wave-

equation for the pressure :
N _ - (1.1.8)
The phasevelocity is de ned by:
— (1.1.9)

As it stands, equation (1.1.8)describesthe wave motion for compressional waves in an

arbitrary uid-like medium.

1.2 Forward wave eld extrapolation

Thewell developed theory of wave eld propagation (e.g.,Aki and Richards (1980),Wape-
naar et al. (1987))that aims to solve the coupled system (1.1.6)and (1.1.7)constitutes an
ideal framework for the derivation and understanding of seismic primary data imag-

ing/inversion techniques.

1.2.1 Two-way wave eld representation

In surface seismic applications, the depth dimension is the wave propagation dir ection
of preference. The axes perpendicular to the direction of preference are referred to as
lateral coordinates. Consider a subsurfacemodel that is subdivided into many thin slabs
of thickness (Figure 1.1), where either symbol, or ,will be
used depending on whether a discrete or continuous notation is more convenient. It is
stressedthat the computational slab boundaries do not necessarily coincide with phys-
ical/geological layer boundaries. The layered model is understood as a computational
grid, and the medium parameters and are allowed to vary smoothly in the lateral

direction within each nite slab. The goal is to recursively extrapolate/pr opagate the

12
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z<O0]

KOy ZOreey.z ) 2

z>0,

Figure 1.1: The coordinate system for seismic wave propagation. The axis is the dir ection
of preferencein seismic applications where sourcesand receiversare placed at the surface. The
plane at serves as a reference datum and does not necessarily coincide with the actual
surface. The medium parameters are allowed to vary vertically and laterally. For computational
purposes the depth axis is discretized into thin slabsof thickness . The parameter
variations have compact support con ned to the half-space

wave eld from one depth level to the other. To this end the coupled equations (1.1.4)

and (1.1.5)are expressedin the temporal frequency domain:

(1.2.1)

and
— (1.2.2)
where and are the monochromatic particle velocity

and body force density vectors, respectively, and are are the monochromatic pres-
sure and volume injection density, respectively. The time dependenceis given by

where s the angular frequency. The normal particle velocity and the pressure are con-
tinuous acrossinterfaces separating regions of different medium properties (Wapenaar,
1998).Hence, it is useful to write the equations (1.2.1)and (1.2.2)in terms of the vertical
velocity and pressure . The derivatives areisolated from the lateral derivatives and

and areeliminated from the equations (1.2.1)and (1.2.2):

_ (1.2.3)

13
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and

. (1.2.4)
The notation is simplied with the assignment of the operator
_ . - (1.2.5)
the wave vector:
(1.2.6)
and the source vector:
_ = — (1.2.7)
The equations (1.2.3)and (1.2.4)read in matrix notation:
— . (1.2.8)
with
. (1.2.9)

The equation (1.2.8)is the two-way representation of wave eld propagation. The term
two-way representation is due to the property of equation (1.2.8)to inherently account
for downgoing and upgoing waves. Alternatively , in the next section the one-way rep-
resentation is treated that explicitly distinguishes between the downgoing and upgoing

wave eld states. The solution to the source free part of (1.2.8),in recursive propagator

notation, is:
. (2.2.10)
with
. . (1.2.11)
or:
. (1.2.12)

14
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where is understood asaseriesexpansion (Ursin, 1983).Mor eover, the propagator
satis es the initial condition:
(1.2.13)

The product representationin equation (1.2.12)is ordered in depth. The solution includ-

ing the sourceterm reads (Aki and Richards, 1980):
(1.2.14)

It is understood that the symbolic propagators depend implicitly on the lateral coordi-
nates and derivatives. Wapenaar et al. (1987)discussthe numerical implementation of
the above equations for the caseof laterally varying media. Their numerical examplesun-
derline the validity of the solution in horizontally layered media with smoothly varying
velocities and densities in the lateral dir ection. Theoretically, one could use the two-way
representation for both modelling and imaging. For imaging, this representation is less
useful, since imaging algorithms are usually basedon the primary data representation.
That is, multiply re ected wave eld energy is not considered. In order to correctly back-
propagate (inverse extrapolate) multiple re ection data, a detailed prior knowledge of
the subsurfacevelocity eld isnecessary This prior knowledge is generally not available.
In fact, having this information would make imaging/inversion essentially unnecessary
Hence, more robust - but also less accurate - one-way propagators that do not gener-
ate re ected waves are utilized in most imaging/inversion applications. This reasoning
re ects the ubiquitous dilemma of seismic imaging/inversion. For completeness, it is
mentioned that Kosloff and Baysal (1983)and Baysal et al. (1984)point out properties of
the two-way representation that are interesting for imaging/inversion. By suppressing
re ected energy in the two-way representation these properties may be exploited result-
ing in algorithms that are valid in smoothly varying media (in all dir ections) and which

are accurateup to high tilt anglesof propagation.

1.2.2 One-way wave eld representation

The purpose of the one-way wave eld representation is to decomposethe total acoustic
wave eld described by the equations (1.1.4)and (1.1.5)into two separate components,

one for downgoing waves and one for upgoing waves (Claerbout, 1971).Where there are

15
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medium parameter changes,one wave type scattersinto the other. This decomposition
allows for the interpr etation of the evolving wave eld in terms of propagation (phase-
shift) and scattering (interaction between the downgoing and upgoing states). To this

end the square-root operator is formally de ned by:

\/ _ . _ (1.2.15)

(1.2.16)

such that

That is, lateral derivatives of the density eld and the commutator are as-
sumed to be negligible. Neglecting the lateral density variations gives  the form of the
Helmholtz operator. * The two-way operator
(Wapenaar, 1998),with

is decomposedaccomding to _

_ — (1.2.17)

(1.2.18)
and

i - _ (1.2.19)

The diagonal elementsin _ are the eigenvalues of _ and the columns of _ are the cor-
responding eigenvectors. The columns of the composition matrix _ are normalized with
respectto the vertical energy ux (Wapenaar, 1998). The operator . decomposesthe
wave vector into downgoing and upgoing wave eld components or states and

, respectively. In the sameway the sourcevector s transformed into the one way
representation of the source distributions and . In matrix notation, composition
and decomposition are:

(1.2.20)

Wapenaarand Grimbergen (1996)de ne amodi ed velocity ,suchthat — - .
This de nition retainsthe form of  asaHelmholtz operator and thus allows for the incorporation of lateral
density variations in one-way propagation. This possibility has not been considered here becausereliable
density information is generally not available in exploration seismic. More importantly , the transmitted
wave eld, the modelled wave eld component in one-way modelling/imaging, is relatively insensitive to
the density variations (Wu, 1996).

16
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and
. . (1.2.21)
where and . Upon inserting (1.2.20)into (1.2.8)the differ-
ential equation for  follows:
— . (1.2.22)
where
= (1.2.23)
Componentwise, this reads:
— (1.2.24)
where
- (1.2.25)
and
- (1.2.26)

The rst matrix on the right hand side of the equation (1.2.24)is the propagation ma-
trix. The second matrix is responsible for the interactions between the downgoing and
upgoing wave eld states(scattering). According to the structure of equation (1.2.24)the
scattering matrix is comprised of forwar d (transmission) scattering operators along the
diagonal and backward (re ection) scattering operators along the anti-diagonal.

For completeness,the relation between the one-way and the two-way representation
in terms of two-way propagation is briey discussed. Using the eigenvalue decompo-
sition the propagator for the two-way representation in equation (1.2.10)is replaced by

three sub-processeqWapenaaret al., 1987):
(1.2.27)

with
(1.2.28)

A owchart in Figure 1.2illustrates the relation between the two representations. While

both approachesare mathematically equivalent, the two-way representationin equation

17
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Sl ae A

Figure 1.2: Flowchart demonstrating the relation between the two-way and the one-way repre-
sentation of wave eld propagation (after Wapenaaret al. (1987)).

(1.2.10)is numerically advantageousif wave eld extrapolation basedon two-way prop-
agation is to be carried out (Wapenaaret al., 1987).

In the next section the ( ux-normalized) one-way wave eld representation servesto
formulate propagators that exclusively operate on either downgoing or upgoing waves.
This restriction allows for the formulation of one-way propagators for imaging/inversion

that do not produce re ected energy.

1.2.3 Recursive one-way wave eld propagator

One-way extrapolation operators provide an economical method for modelling certain
types of wave motion. The basic restriction is that only the transmitted wave eld com-
ponent is modelled. The ultimate goal of imaging/inversion is to image the scattering

operator that gives rise to the recorded (primary) re ected wave eld.

Laterally invariant media

For the moment, it may be assumed that there are no lateral medium parameter varia-
tions. Hence, all wave eld quantities can be expressedin the lateral Fourier domain. It

follows for the operator

_ (1.2.29)

where the “hat' symbolizes quantities in the lateral wavenumber domain. The variables
and arethe horizontal wavenumbers and is the vertical wavenumber. The space

dependence is given by , Where . For notational convenience, the

18
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lateral wavenumber vector is de ned: . Equation (1.2.29)is the dispersion

relation of the wave equation. The operator is trivial:
— — for —— (1.2.30)

and
- — for _ (1.2.31)

The latter equation causesexponentially decaying waves (evanescentwaves)in the causal
one-way solutions (seebelow). The case —— corresponds to the critical angle
of incidence for waves impinging on an interface with a positive velocity discontinuity ,
which causesa head wave to be produced. In terms of ray theory in smoothly vary-
ing velocity elds (Appendix A), this situation correspondsto the turning point where
downgoing/upgoing rays reversetheir direction. In the following, the head wave and
turning ray phenomena are excluded from modelling and thus imaging/inversion. In

the laterally homogeneous casethe sourcefreepart of the equations (1.2.24)simpli es to:
— E— (1.2.32)

where —. Theterm -  — is the differential re ection coefcient per unit depth
in a horizontally layered medium (compare to section 1.3.3). The key to formulating

one-way propagators is that interactions between the downgoing and upgoing states
are neglected. Consequently, the equations (1.2.32)decouple into two separateone-way
wave equations:

_ (1.2.33)

The causalsolutions (downwar d extrapolation for downgoing and upwar d extrapolation

for upgoing states)are written in terms of discrete, recursive one-way propagators:

(1.2.34)
and

(1.2.35)
The propagators satisfy:

(1.2.36)

where is the identity operator in the wavenumber domain.
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Laterally varying media

If the scattering operator in equation (1.2.24)is neglected the sourcefree,decoupled one-

way wave equations for laterally varying media follow:
—_— (1.2.37)

The (continuous) one-way propagators for laterally variant media are de ned hy:

— (1.2.38)
complemented with the initial condition:

(1.2.39)
where . Consider the functions that are solutions of the one-way
wave equations (1.2.37).With the properties (1.2.38)and (1.2.39)one has:

(1.2.40)
hencethe term propagator for . Causality requires for downwar d propagation

and for upwar d propagation . From equation (1.2.39),the propagator can
be solved by a Taylor seriesexpansion with respectto (Grimbergen et al., 1998):

(1.2.41)
Using the properties (1.2.38)and (1.2.39)one has:

(1.2.42)
or formally:

(1.2.43)
Hence, the propagator actsasthe kernel for the operator (Grim-
bergen et al., 1998). The Taylor expansion is valid for small extrapolation steps :
that is, for the extrapolation acrossone thin slab . The extension to larger
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extrapolation stepsis again achieved by recursive application of the exponential operator

(depth ordered product representation). The causaldownwar d propagator is:

(1.2.44)

where and dependsondepth . Thecausalupward propagator is de ned
analogously. To warrant a compact notation in later equations one may write causal

down- and upwar d propagation in product representation symbolically as:

(1.2.45)
where and for downgoing- and upgoing waves, respectively, and in
both cases.

Split-step propagator
For computational purposes the operator is expanded in terms of lateral slowness
perturbations to the rst order:

(1.2.46)
where . The quantity  equals the average lateral slowness within the slab

The split-step approximation involves the negligence of the square-root in the denomi-

nator of equation (1.2.46)(Stoffa et al., 1990). This approximation vyields for simply:

(1.2.47)
and for the exponential operator in equation (1.2.45):

(1.2.48)
where . The leading term in the exponential is implemented as a phase-shift

operator in the lateral Fourier domain (Gazdag, 1978).The secondterm is avertical ‘time-

shift' that depends on the slowness perturbation and is applied in the spacedomain.
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The relatively crude split-step approximation yields a simple and economical marching-
type algorithm that shuttles betweenthe lateral Fourier and spacedomain (‘dual-domain
implementation’). This approximation has proven to be suf ciently accurate in many
situations. The hybrid split-step propagator, operating in both the spaceand the spatial

wavenumber domain, becomes:

(1.2.49)
where and are the forwar d and inverse lateral Fourier transforms, respectively.
The split-step operator symbol has beenintr oduced for later convenience. The verti-

cal wavenumber is:

o — (1.2.50)

To investigate the accuracy of the split-step approximation consider the index
— that is the ratio of the actual velocity and the referencevelocity — within aslab

. The exactdispersion relation is expressedas:

e - (1.2.51)

and the split-step approximated dispersion relation becomes:
— —_— (1.2.52)
The accuracy of this approximation depends on the magnitude of . Figure 1.3

shows the split-step approximation for three different values of . For small contrasts
the approximation is acceptableup to high tilt angles of propagation. In large contrast
media the accuracy deteriorates quickly asthe propagation angle increases.As opposed
to nite-dif ferencetechniques that are obtained from a dir ect square-root expansion of
the operator (Claerbout, 1985), the split-step dispersion relation is exact when no

lateral velocity variations are present.

PSPI propagator

Where strong lateral velocity variations are present,a more accurate extrapolation tech-

nigue is necessary There exist a number of techniques to achieve this (e.g., Ristow and
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Figure 1.3: The exactdispersion relation and its split-step approximation corresponding to the
equations (1.2.51)and (1.2.52),respectively. The split-step approximated dispersion relations are
shown for three magnitudes of relative lateral velocity perturbation: and

RUhl (1994); Grimbergen et al. (1998)). One way to improve accuracy is to apply the
split-step propagator in a wave eld windowing fashion. Gazdag and Sguazzero (1984)
proposed the phase-shift-plus-interpolation (PSPI)technique to better account for sig-
ni cant lateral velocity variations. Kessinger (1992) combined the split-step approach
with PSPI, hereafter referred to asthe split-step PSPItechnique. The extrapolation pro-
cedure consists essentially of two steps. First, the wave eld is phase-shift extrapolated
across the thin slab for a number of reference slownesses , instead of just one
averageslowness . This is followed by the split-step correction with respectto the ref-
erence slownesses . Second,the actual wave eld is computed by interpolating the
resulting reference wave elds. Clearly, the split-step PSPlis sensitive to the reference
slownesses and a higher number of them results in a more accurate extrapolation.
Bagaini etal. (1995)proposed an adaptive criterion for selectingthe referenceslownesses

—— which has beenadopted in this thesis. The wave eld copying and linear in-

terpolation operator and |, respectively, are de ned. The rst operator creates
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identical wave eld copies,where is the number of selectedreference slownesses
for a particular thin slab. Then,the wave elds are phase-shift extrapolated and split-
step correctedwith respectto the referenceslownesses.The interpolation operator
combinesthe resulting reference wave elds by a weighted summation in

the spacedomain according to the actual velocity

(1.2.53)
where
if else, (1.2.54)
with . The split-step PSPIpropagator is symbolically summarized as:
(1.2.55)
where
\/ (1.2.56)
and
with (1.2.57)
The superscript N for the inverse Fourier transform and the split-step operator

indicates that both are to be applied N times. Depending on the lateral velocity pro le
within eachslab either the phase-shift, the split-step, or the split-step PSPIpropagator are
usedfor wave eld extrapolation. Thisresultsin a exible and adaptive marching-type al-
gorithm. The wave eld propagators are calculated and applied for separatefrequencies
, which makes the algorithm structure well suited for the implementation in a parallel

computer architecture.

1.3 Linearized data modelling

In the previous section one-way wave eld propagators that extrapolate the wave eld

from one depth level to the other have beenintr oduced. In this part the forwar d mod-
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elling formula is derived that relatesthe re ection operator to the seismic surface

data.

1.3.1 Primary data representation

The one-way Green'sfunctions arede ned (Wapenaar, 1996)as:

— (1.3.2)
where
(1.3.2)
and
(2.3.3)

The Heaviside function  generatesthe -function in depth and forcesthe Green'sfunc-

tions to be causal. It is useful to intr oduce the reference one-way wave-equation:

— . .. (1.3.4)
with the diagonal Green's matrix _
. (1.3.5)
and the identity matrix _. The operator _ s the propagation operator _
- . (1.3.6)

That is, the reference solution does not include explicit scattering. The equation to be

solved is:

— 1.3.7)
where is the source'sfrequency signatureand  the sourcelocation. It is useful to
de ne the contrast operator _ . _ ,sothat the problem canbe stated as:

— . (1.3.8)
or asan integral equation:
. . (1.3.9)
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or
. . . (1.3.10)
The iterative solution for this integral equation entails the Born series:

. . . (1.3.11)
for and . . Choosing yields the rst order or linear
Born approximation:

~ . . . (1.3.12)
The choice of the referenceoperator (1.3.6)leavesthe contrast operator . _ . Consider

the primary upgoing response related to the source function for downgoing waves
and disregard the dir ectwave. Mor eover, if transmission effects are neglected above
the target re ector representedby (homogeneous or small contrast overburden)

one obtains (Wapenaar, 1996):
(1.3.13)

Finally, the operator is replaced by its convolution kernel for
specular re ections (seesection 1.3.2),and equation (1.3.13)breaksdown into threesub-

processegyWapenaarand Herrmann, 1996):

(1.3.14)

(1.3.15)
and

(1.3.16)
where the source signature has been dropped for simplicity . It is clear, however,
that all subsequentequations are inherently bandlimited by . Ideally, the source sig-

nature should be deconvolved from the data. This requiresthe knowledge of the wavelet
which can be dif cult to estimate. Deconvolution, if successful,increasesthe fre-
guency bandwidth and enhancesthe resolution power of the seismic data. For horizon-

tal interfaces separating regions of different medium parameters is a -function in
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depth. If more than one target re ector is considered, the omitted  integration in the
equations (1.3.14)to (1.3.16)becomesrelevant again. The re ection kernel links the
local downgoing wave eld with the upgoing wave eld at the tar-
getre ector. In general, the convolution kernel in equation (1.3.15)is non-stationary to
accommodate smooth lateral velocity variations directly above the re ecting interface.
The non-stationarity is addressedin Section 1.3.4. In a strict sense,only horizontal in-
terfaces are considered. A mathematically rigor ous treatment of irregular interfaces is
not straightforwar d. Therefore, the interfaces are assumedto be horizontal for now. Sec-
tion 1.3.4introduces an adhocre ector dip correction for specular re ections off moder-
ately irregular interfaces basedon ray theoretical considerations. The primary one-way
representation with its three sub-processess illustrated in Figure 1.4. The Section1.3.3
discussesthe effect of neglecting overburden transmission effectsin more detail. Mor e-
over, for the approximate validity of the primary representation in practical situations

the following two pre-processingstepsare required:

decomposition of the physical measurementsinto one-way wave elds (i.e., deghost-
ing’),
elimination of multiple re ections related to the freesurface.

In numerical data simulations these requirements are satis ed by absorbing boundary

conditions in the computational subsurface model.

1.3.2 Specular re ection

To verify equation (1.3.13)for laterally invariant media, the re ection mechanism (1.3.15)

is evaluated in the lateral Fourier domain. For horizontal interfaces the re ection kernel
becomesthe differential operator - —_— , Where

is the vertical wavenumber of the impinging downgoing wave eld. Sincethe kernel is

a multiplication operator in the Fourier domain, there is no conversion between dif fer-

ent horizontal wavenumbers (specular re ection). The re ected upgoing wave eld asa

function of the illuminating downgoing wave eld is thus:

S (1.3.17)
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Z Reflector element

Figure 1.4: The primary one-way representation for seismicre ection data. Transmission losses
due to energy partitioning at interfaces between the referenceplane  and the target re ector
element are neglected. Note that the ray conceptis invoked for illustration only.

where and according to Snell'slaw. Moreover, in laterally invariant
media phase-shift propagatorslink the sourceand receiverwave elds at with the local

wave elds at (Gazdag, 1978).

1.3.3 Acoustic re ection and transmission coef cients

In this sectionangle dependent (ux normalized) re ection and transmission coefcients
for a plane boundary of two uids are derived and discussed. This allows for a some-
what simplistic assessmenbf the errors involved in neglecting overburden transmission
losseswithin the acoustic approximation. In reality, this assessmenthas limited validity .
In an elasticmedium, compressionalwaves that impinge on amedium discontinuity gen-
eratein part converted shearwaves. That meanscompressionalwaves leak energy to the
shearwave eld component, and compressionaland shearwaves canno longer betreated
as being independent. When dealing with real-world data, the more realistic Zoeppritz
equations for plane waves impinging on a plane boundary replacethe uid- uid re ec-
tion and transmission coefcients (Aki and Richards, 1980). Fortunately, this does not
changeany of the migration/inversion conceptsdiscussedin Chapter 2. It is clear, how-
ever, that any medium parameter inversion subsequentto acoustic migration/inversion

is basedon Zoeppritz's equations, not the acoustic approximation. Keeping this restric-
tion is mind, it isjusti ed to derive migration/inversion for compressionalwaves within

the mathematically lessinvolved acoustic approximation.
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Situation 1: Situation 2:

Figure 1.5: Flux normalized re ection and transmission at a medium discontinuity . Situation 1:
In the left diagram incoming downgoing and re ected upgoing waves exist in the upper medium

and only transmitted downgoing waves exist in the lower medium. Neglecting the re ected

upgoing wave leavesonly the ux normalized transmission processfor downwar d extrapolation

(right diagram). Situation 2: In the left diagram incoming upgoing and re ected downgoing

waves exit in the lower medium and only transmitted upgoing waves existin the upper medium.

Again, neglecting the re ected downgoing wave leavesthe ux-normalized transmission process
for upwar d extrapolation (right diagram). The indices and stand for the wave elds in the
upper and lower half of the medium, respectively. The transmission coefcients areidentical in

both cases:

Consider the two situations illustrated in Figure 1.5. A plane boundary separates
two homogeneous layers with velocities and and densities and  for the rst
and second layer, respectively. Without loss of generality, the boundary is assumedto be
perpendicular to the axis. In the rst situation the incident downgoing wave eld
and the re ected upgoing wave eld exist in the upper layer. Only the transmitted
wave may exit in the lower medium. In the secondsituation the con guration is re-
versed. There are anincident upgoing wave eld and adowngoing re ection in the lower
medium and atransmitted upgoing wave eld in the upper medium. The boundary con-
ditions demand that the pressure  and the normal particle velocity be continuous
acrossthe interface. With the equations (1.2.20)and (1.2.21)in the lateral wavenumber
domain (assuming no lateral variations) the re ection coefcients and and the

transmission coef cients and are (Wapenaar, 1998):

o (1.3.18)

_ (1.3.19)

— yf—— (1.3.20)
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Example 1: Example 2:
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Figure 1.6: Four examplesillustrating the angle dependenceof the acousticre ection coef cient

. Example 1: -, -, —and —. Example 2: -,
-, — and —. Example 3: —, -, —
and —. Example 4: -, —, — and —_—
— _— (1.3.21)
and
(1.3.22)
where — and ——. Theserelationships can be written in

terms of angle of incidence using the plane wave parameterization with the horizontal
ray parameter —— — and Snell'slaw. The dispersion relation becomes
— . The re ection and transmission coefcients for situation 1 in the ray

parameter/angle domain are:

(1.3.23)
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(1.3.24)
The following observations for the angle dependent re ection coefcient are made:
If and , then the re ection coefcient will be a positive value for

normal incidence. As increases,the re ection coefcient will decrease,reaching

zero at the intramission angle

— S (1.3.25)

Beyond the intramission angle, the re ection coefcient decreasesto a value of

at grazing incidence (example 1in Figures1l.6and 1.8).

If and , the re ection coefcient is always negative and equals

for grazing incidence (example 2 in Figures1l.6and 1.8).

If the vertical wavenumber becomescomplex for angles greater than
the critical angle : .The wave amplitude is exponentially decaying
in the lower medium (evanescentwave). By de ning —

one canwrite for postcritical re ections:

(1.3.26)

For postcritical re ections the magnitude is 1 (total re ection), and the induced

phase shift is — (examples3and 4in Figuresl.6and 1.8).

For interfaces with a changein density only the re ection coefcient is angle inde-

pendent: e

The ux-normalized transmission coefcients allows for a simplistic assessmentof the
errors involved in the negligence of transmission lossin the primary data representation
(1.3.13).Consider the situation depicted in Figure 1.7. Assuming thereis one extra inter-
facebetween the targetre ector elementand the source/r eceiverdatum one hasthe total
transmission coefcient:

(1.3.27)
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Figure 1.7: The primary one-way representation with one extra interface between the
source/r eceiver datum and the target re ector element. The total transmission effect due to the
additional interface is

where  isthere ection coefcient of the additional interface. Neglecting transmission
loss thus causesan error . Figure 1.8 shows the transmission coefcients and the
associatederror terms for the medium parametersin Figure 1.5. For small contrasts, the
angle dependent transmission error is negligible. For complex media with many layers
and signi cant scattering, the cumulative second-and higher order errors may become
signi cant. In such a casethe primary data formula (1.3.13)will produce erroneous am-
plitudes. Moreover, if the layering is ne, phasedistortions can occur that result in dis-

persion effects not accounted for by equation (1.3.13)(Wapenaarand Herrmann, 1996).

1.3.4 DSR modelling

In this sectionthe generalized DSR (double-square-root) modelling propagator is derived
(Claerbout, 1985). The DSR propagator treatsthe source and receiver wave elds simul-
taneously and allows for a compact wave eld operator notation. The following devel-
opment assumesthat both sourcesand receivershave the samemonopole characteristic.
That is, their directional signatures are isotropic. Consider a multi-sour ce and multi-
receiver experiment. A number of single-source/multi-r eceiver experiments are carried
out and combined to a single multi-sour ce/multi-r eceiver dataset . Ideally, the entire
reference plane is covered with source and receiver positions. In practice, of course,
one hasto deal with a nite survey areaand nite recording aperture effects. The goal is

to implement the primary modelling formula (1.3.13)for the multi-sour ce/multi-r eceiver
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Example 1: Example 2:
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Figure 1.8: The ux normalized transmission coef cients for the parametersin Figure
1.6 (solid line). The transmission error term is shown for comparison (dotted line). For

small contrasts, the angle dependent transmission error is negligible. For complex media with
signi cant scattering, the cumulative second-and higher order errors may becomesigni cant.

situation. The left hand side of equation (1.3.13)is understood as a function of the con-
tinuous receiver coordinate as well as of the continuous source coordinate
With the wave eld quantity representing the multi-sour ce/multi-r eceiver

datasetat the referencedatum  the modelling equation becomes:
(1.3.28)

wherethe sign for the re ection kernel has beendropped for notational convenience.
The source term is assumed to be constant for all sourcesand, therefore, has been
dropped as well. This might not be the casein practice and would have to be ad-
dressed during pre-processing. For clarity, the previously omitted frequency depen-
denceis included asan argument. By exploiting the reciprocity relation

(Wapenaar and Grimbergen, 1996) multi-sour ce and multi-r eceiver mod-
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Spacedomain | Wavenumber domain | Ray domain

Table 1.2: Nomenclatur e and relationships for the source-receiverand the midpoint-of fset
coordinate systems(Stolt and Benson,1986).

elling is carried out in two stages.First, the source/r eceiver wave eld

directly abovethere ecting interface is created. It exhibits the AVA related to the medium
properties above and below the target re ector. The coupling mechanism between the
local interface re ection coefcient and the local wave eld is explained further below.
Second, the upwar d propagators for the sourcesand receiverslink the local wave eld

to the wave eld at the referenceplane

(1.3.29)

Inserting the upwar d propagator from equation (1.2.45)for the source-and receiver prop-

agatorsin equation (1.3.29)gives:
(1.3.30)

where and are the square-root operators for the sourcesand receivers,respec-
tively, in source-receiver coordinates. At this point, it is convenient to intr oduce the
midpoint-of fset coordinate system. The lateral coordinates are transformed according

to (Stolt and Benson,1986):

- - or (1.3.31)

where s the midpoint vector and is the half offset vector. The half offset vector is
not to be confused with the full offsetvector . The descriptors “half' and “full' are

mostly omitted in the following for the sake of brevity. Table 1.2 gives an overview over
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the nomenclature and the relationships of somerelevant quantities in the source-receiver
and midpoint-of fset coordinate systems. In midpoint-of fset coordinates equation (1.3.30)

reads:
(1.3.32)

where and are the source and receiver square-root operators, respectively,
expressedin midpoint-of fset coordinates. This is the generalized form of Claerbout's
(1985)DSR (double-square-root) propagator formulated within the context of wave eld

modelling. Sincethe medium parameters are allowed to vary smoothly in the lateral di-
rection, is a function of the midpoint position . As mentioned earlier,
the presentedformalism is valid only for horizontal interfaces. However, for moderately
irregular interfaces a local specular re ection mechanism is expected to hold (Aki and
Richards, 1980). Therefore, irregular interfaces are approximated by piecewise planar
and (dipping) re ector elementswith angle dependent specular re ection coefcients as
a function of midpoint location . Where the interface curvatur e is signi cant relative
to the dominant wavelength of the local seismic wave eld, this subsurface parameteri-
zation breaksdown in a dynamic sense.The scattering mechanism is then non-specular
and the ‘re ection coefcient' is merely a measure of dif fraction scattering strength (We-
glein and Stolt, 1999).

Angle dependent modelling for moderately irregular interfaces

The mechanism that couples the angle dependent re ection coefcient  with the local
source/r eceiver wave eld is easiestanalyzed in terms of the local slow-
nessvectors (Appendix A). Consider the slownessvectors and for the local source
and receiverwave elds, respectively (Figure 1.9and Table 1.2). For moderately irr egular
interfacesthe re ection mechanism is specular and source and receiver slownessvectors
describearhombus with diagonals and in the re ection plane.
The vector consists of the horizontal midpoint slowness vector and the vertical
component . Similarly, the diagonal  consistsof the horizontal offset slownessvec-
tor and the vertical component . The modulus of is the offset ray parameter:

. The vector is normal to the re ecting surfacewhile the vector s parallel
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y [
\
ZJ ' \ Strike direction
\ \\

. g . Dip direction
Reflection-plane/reflector intersection P

Figure 1.9: A source/r eceiver ray pair coincident at an interface. The locally planar interface
generatesa specular re ection. The sourceand receiverslownessvectors and |, respectively,
are tangential to the rays. At the point of coincidence they describe a rhombus with diagonals

and in the re ection plane. Thevector s parallel to the intersection
of the re ection plane with the re ector. The vector is normal vector to the re ector. is
the angle of incidence measured against and is dip angle of the re ector. The angle is
the azimuth de ned asthe angle between the re ection-plane/r e ector intersection and the dip
dir ection.

to the intersection of the re ection plane with the re ector surface. From Figure 1.9one
nds:
(1.3.33)

where is the angle of incidence of the re ection coefcient in equation (1.3.23), is the
re ector dip and isthe azimuth de ned asthe angle between the re ection-plane and
re ector intersection with respectto the dip direction. The velocity is the veloc-
ity directly above the re ection point at . Relationship (1.3.33)couples the joint
source/r eceiverwave eld quantity to the angle of incidence of the re ection coef-
cientin equation (1.3.23).There ector dip and the azimuth  enter aslocal parameters

that have to be provided. The azimuth is determined from the dip direction and the

horizontal offset slowness vector . The quantity simplies to
when the strike direction is normal to the re ection-plane. Becausethe re ection
coefcient is frequency independent, the following procedure to set up the local (off-

set Fourier transformed) wave eld directly above the target re ector
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ax
- ‘

Figure 1.10: The radial trace transform (RTT) maps the spaceinto the space(Ap-
pendix B). Only the planes and are shown. The RTT extracts the wave eld

amplitudes along radial lines in the spaceand maps the result into the domain.
In practice, the limited offsetwavenumber range due to a nite recording aperture and the nite

frequency band (shaded area) causetruncation effectsin the space. The maximum unbi-
ased offset ray parameter is denoted by . The adjoint of RTT operator maps lines parallel to
the axisinto radial linesin the domain (after Savaetal. (2001)).In threedimensions the
transformation maps conesin the spaceto cylinders in the domain and vice versa.

results:

calculate the angle dependent re ection coefcient using the medium properties

above and below the interface at depth location ,
determine the local dip direction and dip angle ,

convert the incidence angle to offset slowness using the parameter set

according to equation (1.3.33),

place the corresponding values for re ection coefcient in the domain par-

allel to the axis,

and, nally , transform the local re ection coefcient from the domain into

the local wave eld

The last step is necessaryto have the local wave eld in a format suitable for a recur-
sive wave eld propagator that does not depend on the offset ray parameter. The con-

version is achieved through the adjoint operator of the radial trace transform (RTT) in
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the domain (de Bruin et al., 1990;Prucha et al., 1999; Mosher and Foster, 2000;
Savaet al., 2001). The RTT is recognized as an implementation of the better known
transform (Appendix B). In modelling, the adjoint of the RTT operator is employed; for
imaging/inversion, the RTT operator itself becomesimportant. The action of the RTT
operator and its adjoint are illustrated in Figure 1.10. In the domain the re ec-
tion coefcients arearranged parallel to the axis along concentric cylinders with radius
. To obtain the corresponding local wave eld in the domain the cylinders

are mapped into conesdetermined by the ratio:

— (1.3.34)
This mapping, including the distribution of along the axis in the
domain, is formally expressedas:
(1.3.35)
where s the identity operator with respectto frequency. The operator models

the wave eld's amplitude variation as a function of ray parameter (AVP) rather than
angle. Ray parameter and re ection angle are closely related through equation (1.3.33)
and and enter asexternal parameters. The mapping procedure is carried out at each
midpoint location . A modelling algorithm basedon this recipe appears rather cum-
bersome. Fortunately, in (least-squares)imaging/inversion this model parameterization
is not carried out explicitly as to be explained in the next chapter. Finally, to have a
more compact notation the generalized DSR upward propagator symbol for the joint

source/r eceiverwave eld is intr oduced:

(1.3.36)
and, with the modelling operator , equation (1.3.32)becomes:
(1.3.37)
where is the inverse offset Fourier transform. The previously omitted integration

has been included (multiple target re ectors), which automatically implies negligible
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Reflector element

Figure 1.11: The ‘survey-raising' thought experiment. Consider a source (diamond) and a re-
ceiver (triangle) located dir ectly above the target re ector element. The amplitude variation with
angle (AVA) of the wave eld dir ectly above the re ector is proportional to angle dependent re-
ection coefcient . According to equation (1.3.32)the application
of the “double-square-root' propagator is equivalent to datuming the sourcesand receiversalong
their ray paths to the referenceplane

transmission effects (low contrast media). The action of the (generalized) DSR propa-
gator canberegarded asdatuming the local wave eld atthe re ector datum
to the source/r eceiver datum . Figure 1.11illustrates this with the “survey-raising'

thought experiment.

Angle independent modelling

Often in imaging no attention is paid to the angle behavior of the (local) wave eld. Only

(angle dependent) amplitude changesdue to propagation effects are considered, and

the re ection coefcients are approximated by an angle independent average of
. If the re ection processis non-specular, is an angle independent mea-
sure of (diffraction) scattering strength. The operator in equation (1.3.35)simpli es

greatly. Rather than mapping the correctedre ection coefcient into cones,the average
coefcient is evenly distributed over the entire space. Hence, the local wave eld
is a constant function of , asopposed to slowly varying. In this case,the modelling
operator is replaced by . Effectively, the scattering mechanism does not exhibit
angle dependenceand simpli es to that of are ector/dif fractor with an angle indepen-
dent radiation pattern. The local wave eld's offset dependenceis then at the

re ector/dif fractor location (Weglein and Stolt, 1999).In other wor ds, the local wave eld
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and the coefcient canbe directly identi ed:
(1.3.38)

An algorithm basedon this parameterization ignoresAVA effectsand thus aims at struc-

tural rather than amplitude information.

Implementation in laterally invariant media

Consider a laterally invariant medium. All involved quantities are expressedin the

midpoint-of fset Fourier domain:

(1.3.39)
where
(1.3.40)
with
— - S (1.3.41)

hencethe term “double-square-root' propagator (Claerbout, 1985).For a computer imple-
mentation it is convenient to prescribethe modelling procedurein an algorithmic form.

The depth integration in formula (1.3.39)is discretized accoming to:

(1.3.42)
where the quantity : is under-
stood asthe local wave eld integrated over one thin slab . In recursive form, the
re ection coefcient atdepth level isfed into the total
wave eld previously upward propagated from the depth level below:

(1.3.43)
where

and (1.3.44)

The recursion is carried out for all depth levels of interest and initialized with a zero
wave eld. Notice that in this notation the total wave eld contains the

re ection scattering contributions from all previous depth levels.
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Figure 1.12: Flowchart for recursive generalized DSR modelling. Both the split-step DSR mod-
elling and the split-step PSPIDSR modelling propagator are illustrated. The recursion is initial-
ized with azero wave eld and . For simplicity , the initial midpoint Fourier transform
for there ectivity ~ hasbeenomitted in the owchart.

Non-recursive DSR modelling

An alternative, non-recursive, form of the DSR operator in laterally invariant media

proves useful in the next section:
(1.3.45)

where the discrete slab thickness has been replaced by the differential . Instead
of applying the phase-shift recursively, the cumulative phase-termis calculated and ap-
plied to the wave eld all at once,and the re ection contributions from all depth levels are
integrated into the surface wave eld. As shown below, this form allows for the deriva-
tion of aDSRmodelling formula for separateoffsets . However, the non-recursive form
(1.3.45)precludes the use of correction techniques such as the split-step approximation

that make the DSR propagator suitable for laterally varying media.
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Separate offset DSR modelling

If the scattering mechanism is re ection angle independent the offset-domain version of

formula (1.3.45)follows:

(1.3.46)

where . The inverse offset Fourier
transform of the exponential in equation (1.3.46)entails the cumulative phase-shift term
as a function of offset (Popovici, 1995). Clearly, this formula allows for
the dir ect computation of separateoffset data. The computational cost, however, is com-
parable to that of formula (1.3.45),since the phase-shift term still needsto be calculated
for all involved wavenumbers. For the special caseof zero-offset data
there exists a analytical stationary phase approximation (seealso Appendix C) that al-
lows for an easy computation of the phase-shift term . Within a constant factor this
approximation amounts to setting  in equation (1.3.41)to zero (Stolt and Benson,1986;
Popovici, 1995;Alkhalifah, 2000):

(1.3.47)
where
— - (1.3.48)
and
(1.3.49)

This is the “exploding re ector ' modelling formula (Claerbout, 1985)which forms the ba-
sis for post-stack migration. The local wave eld is setup by distributing
the scattering coef cient over the frequency band to be modelled. A recursive
implementation of equation (1.3.47)makes correction techniques that accommodate lat-

eral velocity variations applicable.
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Implementation in laterally varying media

Generalized DSR modelling in laterally heterogenous media is implemented using ei-
ther the split-step or the split-step PSPlalgorithm. First, consider the generalized DSR

operator extended by the split-step correction (Popovici, 1996). The recursive algorithm

follows:

(1.3.50)
where

(1.3.51)
with

(1.3.52)
The slowness perturbations for the sourcesand receivers,respectively, are:

and (1.3.53)

The wave eld at the initial depth level is zero. Figure 1.12details the ef cient computer
implementation of split-step DSRmodelling by meansof a owchart representation. Bet-

ter accuracyis achieved with the split-step PSPIDSR propagator. Let

(1.3.54)
and

(1.3.55)
with

(1.3.56)
With thesede nitions the split-step PSPIDSR propagator becomes:

(1.3.57)

which means that the receiver and the source component of the separable DSR propa-
gator are applied consecutively. SeeFigure 1.12for the owchart representation of split-

step PSPImodelling. The number of midpoint and offset Fourier transforms involved
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in equation (1.3.57)( per depth step) prohibits a practical implementa-
tion of the split-step PSPIpropagator in three spatial dimensions. The computational
burden is signi cantly reduced in two dimensions allowing for a feasible computer im-
plementation for moderately sized datasets. For a more detailed discussion surrounding
computational issuesreferto Chapter 5.

2.5-D DSR modelling

The attention is now turned to the problem of seismic data collected along a 2-D line
( ) for a medium that does not vary in the direction. That is, the data col-
lection is understood to be perpendicular to the re ector strike dir ection. The term 2.5-D
refersto a modelling formula that is basedon the invariance of the medium properties
but yet approximately accountsfor 3-D wave eld propagation effects (Stolt and Benson,
1986). Consider the DSR modelling equation in the form (1.3.45). Sincethe medium is
invariant and the wave eld's offset dependenceis singular along the coordinate, the
local wave eld becomes: , Where
is understood to be applied in 2-D. Equation (1.3.45)is now evaluated for the pro le
line (Stolt and Benson,1986):

(1.3.58)

One of the integrals is trivial. The other one is solved by a stationary phase approxi-
mation (Appendix C), leading to:

(1.3.59)

where
\/ (1.3.60)
and and are evaluated at the stationary point . Dropping the factor

in the denominator is equivalent to the 2-D version of equation (1.3.45). The effect
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of is to convert line sourcesinto point sources(Stolt and Benson, 1986). Assuming
a constant velocity earth and small propagation anglesthe expressionfor simpli es

to:
(1.3.61)

where is the two-way travel-time. In practice, the phase-shiftinduced by s fre-
guently ignored, but the amplitude scaling factor ~ should be considered

when 2-D formulas are to be applied to real-world data (Chapter 4).
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Chapter 2

Seismic migration/inversion

Chapter 1 gives an extensive description of forward seismic data modelling based on
wave eld propagators. The goal now is to invert the forward operator for the model
parameters, the location and the relative magnitude of the (angle dependent) re ectiv-
ity. To this end imaging/inversion is castinto the framework of least-squaresinversion.
This approach yields both approximate analytical imaging/inversion formulas and it-
erative inversion schemesthat lean upon well developed optimization techniques. An
integral part of (least-squares)imaging/inversion is inverse wave eld extrapolation or
back-propagation. Inverse one-way extrapolation requiresthe input of an apriori macro-
or background velocity model. This model does not have to be the exact subsurface
velocity. The macro-velocity model is a smooth representation of the true subsurface ve-
locities that determines the travel-time or low frequency attributes of the seismic wave-
eld. The closer the model is to the truth the better. On the other hand, the one-way
propagators do not account for ne detail. That means, even an exact velocity model
is not expected to give fundamentally different results than a somewhat smoother rep-
resentation. Hence, the logic of imaging/inversion is described as follows: A smooth
macro-velocity model is provided to back-propagate the seismic wave eld into the sub-
surface and an AVP/A VA inversion/analysis yields the medium's short wavelength de-
tails (i.e., the angle dependent re ection coefcients). The procedure for building the
macro-velocity model draws information from many different sources. Theseinclude
geologic models or borehole information. One very important technique to infer velocity

information is basedon the imaging operator itself. The redundant illumination of each
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subsurface point with waves impinging from different anglesallows for afocusing anal-
ysis called 'migration velocity analysis' (e.g., Yilmaz and Chambers (1984),Biondi and
Sava(1999)). If the “correct' macro-velocity model is provided back-propagated waves
originating from the samesubsurfacelocation should reproduce the samespatial image.
Discrepancies, on the other hand, lead to an out-of-focus subsurface image. Focusing
is achieved by recursively updating the macro-velocity model. As simple asit appears,
migration velocity analysisrequiressigni cant effort and ingenuity and is the topic of on-
going geophysical reseach. The following chapter relies on the fact the macro-velocity

model is suf ciently well known to ensure reasonably accuratewave eld propagation.

2.1 Least-squaresinversion

The development of least-squaresinversion adopts a description in terms of vectors and
matrices. In the continuous case,vectors are elements of an in nite dimensional vector-
space and matrices are linear operators. The vector-matrix description applies to dis-
cretized spacesand can easily be translated into computer code. The usually irr egularly
sampled wave eld data are sorted into midpoint-of fset bins. This binning procedure
results in a nite and discrete data vector (in “lexicographical arrangement’) with an
irregular pattern of live and dead traces (i.e., bins lled with zeros). The re ection co-
ef cient is discretized and arranged in a model vector

as a function of midpoint, depth and horizontal slowness by means of the relationship
(1.3.33).That is, the model vector contains the ray parameter dependent common image
gathers (CIGs) for all midpoint positions and the re ector dip angle and the azimuth

are implicit parametersin the model spacevector . The discrete model and the binned

data are related via the following linear system:

(2.1.1)

where _ representsa numerical realization of the generalized recursive DSR modelling
operator. The error term  stands for modelling errors, missing data and noise (Duijn-
dam, 1988). The 2-D computer implementation utilizes phase-shift, split-step, or split-
step PSPIpropagators, depending on the complexity of macro-velocity eld. A 3-D im-

plementation has not beenattempted.
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Thelinear systemis inverted using the Bayesianapproach (e.g.,Menke (1984),Taran-

tola (1987))by seekingthe maximum of the aposterioriprobability density function (pdf):
(2.1.2)

where is the likelihood function and the a priori distribution of the model
vector. This solution to the inverse problem is called the MAP (maximum a posteriori
probability) estimator. Assuming a Gaussiandistribution for the seismicwave eld data
the likelihood function is given by the normal distribution with data covariance matrix

- . - - (2.1.3)

Unfortunately , seldom in seismic data processingis there a good estimate of the data
covariance. However, empty bins are accommodated by choosing _ to be diagonal
with entries for the dead traces and for live data. For the moment, let
the prior model distribution be normal with a diagonal covariance matrix with constant
variance. To simplify the problem the diagonal weighting matrix _ is introduced such
that _ _ . . Thatis, weights much smaller than one are assignedto empty bins
and weights of magnitude one to live traces (unlessthe live tracesexhibit an assessable
variance). The maximum a posteriorisolution to the inverse problem is the solution that

minimizes the following costor objective function:

— (2.1.4)

This is the standard, weighted least-squaresinverse problem with damping regulariza-

tion (Menke, 1984).The solution is the well-known normal equation:

— (2.1.5)

where the operator _ is the adjoint of the modelling operator _. In terms of matrix
algebra, the adjoint is obtained by transposition and complex conjugation. From the
structur e of the normal equations it is clear that applying the adjoint operator _ vyields
a rst approximation of the model vector. Indeed, conventional migration imaging is

de ned asthe adjoint of modelling (Claerbout, 1992):

(2.1.6)
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The data weighting operator _ _ is omitted here, sinceit doesnot have any in uence
on the migration result when incomplete data sampling is the issue.

Instead, the more general least-squares solution can be obtained by minimizing the
cost function (2.1.4)with a gradient optimization technigue. To this end, the modelling
and the migration operators _ and _ , respectively, need to be applied recursively. This
also opens up the opportunity to incorporate more sophisticated model regularization
techniques (i.e., a non-diagonal model covariance matrix). However, rst the focusis on
the migration operator _ and its impr ovements derived from the least-squaresinversion

approach.

2.2 Seismic migration

Consider the generalized DSRmodelling operator asgiven by equation (1.3.37):

(2.2.1)
In the discrete inverse problem the following identi cations are made:

(2.2.2)

. (2.2.3)

(2.2.4)
The application of the migration operator _ in . involves taking the individ-
ual adjoint operators and reversing their order: 1

(2.2.5)
where . Migration involves two distinct steps. First, the
data are back-propagated by the adjoint operator . Consider,
for the moment, the DSR phase-shift propagator in equation (1.3.40). If
the evanescentmodes in the upward propagator are neglected, the adjoint

phase-shift propagator (the anti-causal downwar d propagator) is in fact the inverse. The

The adjoint of the linear integration operator is the identity . A similar relationship holds with
respectto the frequency variable:
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evanescentsolutions decay exponentially and do not contribute signi cantly to the seis-
mic wave eld. Therefore, this is a very good approximation. Second,the cascadedop-
erators estimate the model . Effectively, isthe RTT
(Appendix B)in the spacefollowed by a summation over frequency (Figure 1.10).
The summation over frequency s equivalent to the classicalmigration imaging condition
(e.g., Claerbout (1985)). Stolt and Weglein (1985)interpr et the frequency summation in

terms of the causality principle.

Implementation in laterally varying media

Modelling and migration in heterogenous media are implemented by recursive extrapo-
lation. The recursive form of the DSR modelling formula (1.3.50)is reiterated for easier

comparison:
(2.2.6)

with the operator as de ned in equation (1.3.51)for split-step propaga-
tion, and in equations (1.3.54)and (1.3.57)for split-step PSPIpropagation. The adjoint

procedure, the migration algorithm, follows:

(2.2.7)
and
(2.2.8)
The adjoint DSR propagator in terms of the split-step propagation is (Figure 2.1):
(2.2.9)
with
(2.2.10)

Apart from the sign changein the argument of the complex exponentials, the split-step
modelling and migration operators differ only by the order in which they apply the split-

step correction. Similarly, the adjoint split-step PSPIpropagator follows (Figure 2.1):

(2.2.11)
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Figure 2.1: Flowchart for recursive generalized DSR migration _ . Both the split-step DSR mi-

gration and the split-step PSPIDSRmigration propagator areillustrated ( ). Compare
to the modelling owchart in Figure 1.12.For simplicity , the nal midpoint Fourier transform for
the estimate has beenomitted in the owchart.
with

(2.2.12)
where

(2.2.13)

The adjoint split-step PSPI propagator corresponds to the windowed non-stationary-
phase-shift (NSPS) propagator described by Margrave and Ferguson (1999). First the
sourcesand then the receiversare back-propagated. At the entry stagesof eachrecursion
step, the adjoint linear interpolation operator distributes the weighted initial
wave eld into N referencewave elds with weights according to equation (1.2.54). The
adjoint wave eld copying operator simply amounts to asummation of the N reference

wave elds.
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Z , Reflector element

Figure 2.2: The “survey-sinking' thought experiment. Consider a source (diamond) and a re-
ceiver (triangle) located at the referenceplan . The 'adjoint’ operation to equation (1.3.32)can
be thought of as datuming the sourcesand receiversalong their ray paths back to the re ector
location.

It is important to note that if the split-step NSPS propagator were used for mod-
elling in Chapter 1, the split-step PSPImigration operator would result asaconsequence.
Whether one propagator technique should be given preference over the other for either
modelling or migration is not obvious. This ambiguity stems from the fact that nei-
ther the split-step nor the split-step PSPI/NSPS propagator are symmetric. Symmetry
is relatively easily restored in split-step propagation by applying half of the split-step
'time-shift' before and the other half after the phase-shift operator (Lee et al., 1991). The
split-step PSPI/NSPS propagators canalso be made symmetric (Ferguson and Margrave,
2002). Unfortunately , the symmetric version of split-step PSPI/NSPS propagation re-
quiressigni cantly more computational effort. Whether the symmetric propagators hold
any numerical advantagesfor least-squares migration has not beeninvestigated. How-
ever, a comparative testin Chapter 3 demonstrates that split-step NSPSand split-step
PSPIperform equally well for zero-offset migration.

The recursive computer implementation of generalized DSR migration is illustrated
in Figure 2.1. Compare the schematic owchart alsoto Figure 1.12. Figure 2.2 interpr ets
the duality between modelling and migration by invoking the “survey-sinking' thought

experiment asthe “adjoint of survey-raising' in Figure1.11.
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Angle independent migration

The above modelling and migration formulas all contain the ray parameter dependent
operators and , respectively. It is clear, however, that nothing changesin
terms of wave eld propagation when theseoperators are replacedwith their ray parame-
ter independent counterparts, from equation (1.3.38)and its adjoint . For
migration, the result is the more conventional DSR imaging formula (Claerbout, 1985)
that is suitable for structural imaging. The adjoint operation evaluates the
local wave eld at and . This is in agreement with the concept of a local
wave eld collapsing to an offset -function at the image point. This is also equivalent
to summing (stacking) the ray parameter CIGs along the ray parameter axis which effec-
tively averagesthe angle dependent re ection coefcients. Chapter 3 has examples for

both angle-independent and angle-dependent migration.

Zero-offset migration

Sofar, all described imaging operators fall into the category of pre-stack migration. In
practice, pre-stack imaging is sometimes replaced by a simplied post-stack imaging
strategy that separatesthe imaging processinto two stages. First, the data are normal-
move-out (NMO) corrected and stackedto approximately simulate zero-offset data. Sec-
ond, zero-offset migration yields the structural image basedon the adjoint of the mod-

elling formula (1.3.47):
(2.2.14)

Again, arecursive implementation with an appropriate operator expansion takes care of
lateral velocity variations. This is exemplied in Chapter 3 for zero-offset modelling and

migration using split-step and split-step PSPI/NSPS propagators.

2.2.1 Ray parameter imaging Jacobian

If ray parameter/angle information is to be extracted from the local wave eld an im-
proved migration formula should be considered. One way to impr ove the migration is
by recognizing that migration involves changing from the data space( dependence)

to the model space( dependence)and therefore constitutes a change of variables that
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should ideally consider the corresponding (imaging) Jacobian(Stolt and Benson, 1986;
Savaet al., 2001). In an approximate sense,this imaging Jacobianis equivalent to the
cascadedoperators _ _ in equation (2.1.5)without the data weighting operator _

To seethis, it is assumed that the velocity eld is laterally invariant for the entire area

between the referencedatum  and the target re ector location : 2
(2.2.15)

It is useful to formulate equation (2.2.15)asafunction of constantoffsetslowness . This
is achieved by reversing the order of the RTT operator  with the propagation operator
for a constant , which is equivalent to migration in the domain (Ottolini and
Claerbout, 1984).3 Hence, one candispensewith the radial trace transform and write the

migration formula, including the data , asafunction of
(2.2.16)

The samelogic is applied to the modelling formula. Concatenating constant ray param-

eter modelling and migration accoding to _ _  leadsto:
(2.2.17)
The phaseterm is rapidly oscillating for all exceptwhen (Stolt and Benson,1986).
Hence, the velocity around the target is taken as constant leading to:
(2.2.18)
A changeof variables from to vyields:
_ (2.2.19)
Consequently,
_ (2.2.20)

2This assumption is lessrestrictive than it rst appears, since, within the limits of one-way wave prop-
agation, one can always datum the seismic wave eld through the complex overburden to a new reference
plane closeto the targetre ector.

3The RTT and the DSR propagator do not commute for arbitrary velocities.
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In the vertical wavenumber domain the action of applying is equivalent to ap-

plying the imaging Jacobian — . This suggeststhat (locally) pre-multiplying the
downwar d continued wave eld with the inverse of the (diagonal) Jacobian annihi-
lates the amplitude distortion induced by the change from data to model space(Savaet

al., 2001).Given in its recursive form, the amplitude scaledmigration algorithm follows:

(2.2.21)

and

(2.2.22)

The explicit expression for the Jacobiancan be found in Appendix D. The imaging Ja-
cobian is indeed helpful to retrieve the correct angle dependence as demonstrated in
Chapter 3.

2.2.2 lllumination operator

Duquet et al. (2000)follow a different strategy to impr ove the migration operator _

Their technique involves an approximation of the cascadedoperator . _  _ _, includ-
ing the data weighting operator. They aim at compensating for illumination issuesgen-
erated by the acquisition geometry (acquisition footprint) and the velocity eld structure
(wave eld focusing/defocusing effects). To this end, the simplied, re ection angle in-
dependent subsurface parameterization is adopted. Duquet et al. (2000) compute the

diagonal of the chained operator _ _ . by meansof ray tracing (Appendix A). lde-

ally, application of the inverse of the diagonal operator should balance the subsurface
illumination. A similar, propagator-based, approach can be followed using the separate
offsetformula in equation (1.3.46)(Kuehl and Sacchi,2001a).However, asopposed to the
ray tracing technique of Duquet et al. (2000)the restriction to laterally invariant media

applies. Consider the (angle independent) model space -function:

(2.2.23)

Applying the cascadedoperators _ _ _ _ to the unit impulse model function (2.2.23)

yields the corresponding “diagonal element’. The modelling operator impulse response

55



2.2. SEISMIC MIGRA TION

(2.2.24)

where _ isthe weighting operator containing the binning information. The application
of the adjoint migration operator to the impulse response vyields at the image point

location
(2.2.25)

where the inverse midpoint Fourier transform is understood to be evaluated for . The
guantity measuresthe scattered wave eld energy that is successfully recorded and
subsequently imaged at its origin as a function of offset . In other words, is a
subsurfaceillumination function/map that is sensitive to both acquisition footprint and
wave eld focusing/defocusing effects. The adjoint phase term is conveniently ob-
tained from by a simple sign change. The formula (2.2.25)is computationally expen-
sive. However, it becomesmanageableif only afew frequenciesare considered. When
_ is the identity the innermost midpoint Fourier transform pair disappears. The cost
of computing the formula (2.2.25)is then similar to two pre-stack migrations. Finally,
applying the inverse of to all subsurfacepoints of the migrated image compensates

for the aforementioned effects, since _ . However,

the usefulness of equation (2.2.25)is very limited becauseof its restriction to laterally
invariant media. In practice, illumination issuesarise in media with a complex velocity
structure. Hence, asit stands, ray tracing is the method of choice for the computation of

illumination maps. A 2-D example for equation (2.2.25)can be found in Chapter 3.
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2.3 Constrained least-squares migration/inversion

Instead of trying to nd approximations to the least-squares solution, numerical opti-
mization techniques offer the possibility to minimize the objective function (2.1.4)itera-
tively. Better yet, numerical minimization allows to incorporate regularization strategies
that help to impr ove the robustnessof the inversion. It turns out that a costly minimiza-

tion of the standard least-squares objective function (2.1.4)holds relatively little advan-
tage over (amplitude scaled)migration in equation (2.2.22)unlesssigni cant illumination

issuesdue to avarying midpoint fold plague the inversion (Kuehl and Sacchi,2001b).On
the other hand, the performance and robustnessof least-squaresmigration for AVP/A VA
inversion can be signi cantly enhanced by model spaceregularization (Kuehl and Sac-
chi, 2002). A model smoothnessconstraint penalizes roughness(i.e., discontinuities and

rapid amplitude changes)in the ray parameter dependent CIGs:
(2.3.1)

where _ is the n-th order radial derivative in the plane. 4 Theidea is
that roughnessis caused by imaging artifacts and acquisition footprint noise, not AVA
effects. The derivative operator acts as a low-pass lter that suppressesundesired ray
parameter uctuations. In this thesis only rst order derivatives have been used. Ef-
fectively, the regularization imposes a similarity constraint on neighboring constant ray
parameter sections. It is noted that Duquet et al. (2000)followed a similar strategy to
suppresskinematic artifacts in constant offset Kichhoff migration. The tradeoff param-
eter  determines the weight of the roughness penalty term in equation (2.3.1). With
the ray parameter sampling interval the product
controls the amount of smoothing.

Iterative gradient minimization by conjugate gradients (CG) (Hestenesand Stiefel,
1952;Scales,1987)is an excellent tool for seismic inversion. CG minimization does not
require any explicit matrix operator inversion and thus is suitable for an operator appli-

cation “on the y'. It avoids forming the product _ _ . This is a crucial feature,

since migration and modelling operators are coded as functions rather than matrices.

“In a3-D implementation azimuthal smoothnesscould be imposed aswell.
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Moreover, CG minimization converges faster than the more conventional steepestde-
scenttechnique (Strang, 1986). A CG recipe for least-squaresinversion (CGLS)readsas
follows (Scales,1987):

Choosethe starting model  to be zero. Put the data auxiliary vector equal to the

binned seismic data: . The auxiliary model vectors and are initialized with
the migration: ., and the secondauxiliary data vector is setup with the
modelled (de-migrated) data: _ . Thenfor

. (2.3.2)

where _ and _ arethe modelling and migration operator, respectively, in the temporal
frequency domain.

The iterative processcan be stopped and resumed at any stage. Additional model
and data space operators are incorporated by augmenting the operators _ and _ ap-

propriately. For instance, to minimize the regularized cost function (2.3.1)the following

augmentation retains the algorithmic structure of CGLS (Scales,1987):

-~ and ~ (2.3.3)

Most commonly, model spaceregularization means either damping, in which case _
is diagonal or nite-dif ference smoothing, in which case _ is banded. It is important
that the (augmented) operators _ and _ are indeed an adjoint operator pair. To test
this property Claerbout (1992)proposed the so-called “dot-product test'. The numerical

operator implementations have to satisfy:

(2.3.4)
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for any vectors and ,where _ and _ . Theinput vectors and dene the
model and data space,respectively. They areloaded with random numbers. For properly
coded operator pairs _ and _ the “dot-product test' should be satis ed down to the least
signi cant digit.

Constrained least-squaresmigration for AVP/A VA inversion basedon equation (2.3.1)
is exemplied and extensively tested with numerous examples in Chapter 3. Chapter

four presentsareal-world data example.
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Chapter 3

Synthetic data examples

This chapter covers both conventional migration and least-squares migration examples
that illustrate and test the theory outlined in the previous parts of the thesis. Synthetic
data tests are valuable to gain insight into the performance of imaging/inversion algo-
rithms. However, the tests have to be interpr eted with care. It is important that the
synthetic data are generated by a more general operator than the one the inversion oper-
ator is originally basedon. The full acoustic wave-equation, the starting point in Chapter
1, is certainly a good choice for forwar d modelling. Full wave-equation nite difference
modelling is well developed and yields data that, when carefully implemented, contain
the relevant physics and few numerical artifacts (Clayton and Engquist, 1990; Presset
al., 1997).Effects that are absentfrom the synthetic acoustic 2-D nite differencedata in-
clude: surface multiples, absorption, anisotropy, out-of-plane re ections, mode conver-
sions etc., all of which can potentially obscure the test results. For low contrast, layered
media faster ray-tracing modelling canreplacethe computing intensive nite-dif ference
approach. If a migration/inversion method fails to perform well under these “clinical’

conditions, thereis no hope it can succeedwhen applied to real-world data.

3.1 Migration

As amply discussed,the goal of migration is lessambitious than that of inversion. How-
ever, migration is the nucleus of inversion, since accurate propagation is a prerequisite
for successfulinversion. It is therefore instructive to examine the structural imaging ca-

pabilities of migration operators. In structural imaging the “stacked' migrated sectionis
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Figure 3.1: The Marmousi compressional velocity eld. The velocities range from to

m/s. The Marmousi model is structurally complex, with many thin layers broken by several
major faults and an unconformity surface. The folded carbonate sedimentation seriesat about
km forms the structural hydr ocarbon trap.

of interest. Stacking is the summation of the CIGs along offset ray parameter. This is
equivalent to applying the simpli ed imaging operator to the local wave eld.
Stacking enhancesthe signal-to-noise ratio, suppressesimaging artifacts and multiples
and thus impr oves the image quality in general. Obviously, one is deprived of this pow-
erful tool in (least-squares) migration for AVP/A VA inversion.

The rst two sections intr oduce generic synthetic datasetsthat have become quasi
standards for the testing of imaging algorithms. The rst datasetis based on the so-
called 2-D Marmousi model. The Marmousi datasetis well suited for the testing of both
structural imaging and AVP/A VA inversion (Section 3.2.2). The second 2-D dataset is
derived from the 3-D SEG/EAGE salt model. The salt model is a challenge to imaging al-
gorithms due to its strong velocity contrasts. It is avery good example to demonstrate the
superior performance of the split-step PSPIlover the split-step propagator but its model

parameterization makesit lessuseful for assessingAVP/A VA inversion methods.
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Figure 3.2: The Marmousi density eld. The Marmousi datasetis based on a variable-velocity
and density model making it well suited for acoustic AVP/A VA studies (seeSection3.2.2).

3.1.1 The Marmousi model

The Marmousi model is basedon a geological crosssectionthrough the North Quenguela
Trough in the Cuanza Basin in Angola (Versteeg, 1994). The dataset consists of 240
“single-cable marine shot records' acquired using acoustic nite-dif ference modelling,
with variations in both acoustic velocity and density (Figure 3.1and Figure 3.2). Details
regarding the data generation can be found in Versteeg (1994). The model was gener-
ated by the French Petroleum Institute, and was releasedto the public for the purpose of
testing migration and velocity estimation techniques.

Versteeg (1994)describesthe geologic background of the Marmousi model. In sum-
mary, the geologic history underlying the model consistsof two distinct phases.The rst
phaseis marked by a continuous sedimentation of marls and carbonates. Thesedeposits
were folded and then eroded with the erosion surface being at. The resulting anticlinal
structure forms the hydr ocarbon trap. The second phase began with the deposition of
an isopachous saliferous evaporitic series. On this seriesa clayey-marly seriesand later
shaly-sandy detrital sediments were deposited. These sediments are strongly affected

by normal growth faults caused by lateral salt creep due to the overburden pressure.
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Figure 3.3: Two shots of a total of 240 shot records. The distance between two consecutive
receiversis ~ m with atotal of 96 traces per shot. Initial offsetis m and maximum offset
is m . The data were lter ed with a trapezoid frequency lter with Hz. The
line was “shot' in an end-on con guration from west to east(left to right in Figure 3.1). Distance
between shotsis m. The directarrival and refracted waves have been muted.

The high velocity wedges seenin Figure 3.1are remnants of this process.The Marmousi
model is structurally complex, with many very thin layers, which makesfor very realistic
synthetic data. Two example shotsin Figure 3.3illustrate the data complexity. Evenwhen
the correct velocity model is used, many imaging methods cannot completely image the
hydr ocarbon trap (Gray and May, 1994).

The split-step DSR propagator proves suf ciently accurate to produce a very good
image of the Marmousi model. The migration code has beenimplemented on an SGI
Origin 2400shared-memory parallel computer (400-MHz processors). The algorithm's
parallelization is done with respectto the temporal frequencies.Mor e details on the com-
putational aspectsof the pre-stackmigration are discussedin Chapter 5. The migration
used every second midpoint of the original midpoint-of fset sorted dataset. This results
in a data cube of size including zero padding for the Fourier/Hartley

transforms (seealso Chapter 5). The migration was performed for a frequency band of

63



3.1. MIGRA TION

Horizontal Distance [km]

Depth [km]

Figure 3.4: The split-step DSR migrated Marmousi data. The split-step approximation yields
avery good Marmousi image despite the structural complexity of the model. The hydrocarbon
trap is clearly delineated.

to Hz and took about one minute on 32 processors.A fast computational turnaround
is critical when least-squares migration/inversion is to be carried out. Figure 3.4 shows

the very good imaging result.

3.1.2 The SEG/EAGE salt model

For the purpose of a comparative propagator test, the SEG/EAGE salt model is intro-
duced (Aminzadeh et al., 1994). As mentioned earlier, the SEG/EAGE model serves
solely as a test for structural imaging. The salt model assumesa constant density lim-
iting its usefulness for AVP/A VA studies. More importantly , most re ectors are repre-
sentedin a “spiky' rather than a “blocky' fashion making thesere ectors unsuitable for
AVP/A VA inversion. Figure 3.5gives an overview over the 3-D velocity eld and its em-
bedded geologic structures. The model was designed to address3-D imaging issuesin a
typical Gulf of Mexico setting. At this stage, 3-D implementations of the (least-squares)
migration algorithm or approximations thereof have not been considered (Biondo and

Palacharla, 1996). The shown examples are basedon a 2-D pro le running through the
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EAEG/SEG Salt Model

E

Figure 3.5: 3-D perspective of the EAGE/SEG salt model (Aminzadeh et al., 1994)with the salt
sill, dif ferent faults, sand bodies and lenses. The overall model dimensions are km
in the dir ections, respectively. The salt crestis at about m. The model hasbeendesigned
in part to test various imaging algorithms in dif ferent geologic settings: salt ank, salt overhang
and sub-salt. The velocities surrounding the salt body are typical of Gulf of Mexico sediments.
Two velocity pro les areshown. Hot colors correspondto low velocities with red being the water
velocity of m/s. Thevelocity prole for the crosssection A-A' is shown in Figure 3.6.

salt model (prole A-A'in Figure 3.5). The simulated data are purely 2-D in that they do
not include 3-D propagation effects and out-of-plane re ections which is in theoretical
agreementwith the 2-D versions of the migration formulas derived in Chapter 2.

The rst migration example involves zero-offset migration in equation (2.2.14). The
conducted testsinvestigate the accuracy of split-step, split-step PSPI,and split-step NSPS
extension of equation (2.2.14). The synthetic data in Figure 3.7 have been generated by
“exploding-r e ector ' modelling to assessthe best-casecapabilities of zero-offset/post-
stack migration (O'Brien and Gray, 1996). Rather than the exactadjoint of the migration
operator a full wave-equation version analogous to equation (1.3.47)calculated the up-
going wave eld. Sincethe full wave-equation does not have any numerical propaga-
tion angle limitations, the occurring discrepanciesbetween the migration and the model

are attributed to inaccuracies of the employed migration propagator. O'Brien and Gray
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Figure 3.6: Velocity prole A-A'from the SEG/EAGE salt model. The velocities range from

m/s (water) to m/s (salt). Darker shadesdenote higher velocities. Notice the relatively
lower velocities below the overpressure surface.
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Figure 3.7: The “exploding-r e ector ' datasetfor the prole A-A' of the SEG/EAGE salt model.
The data approximately simulate a zero-offset seismic section. The dataset serves to assess
the structural imaging capabilities of different zero-offset/post-stack migration algorithms. To
achieve more realism one hasto run full shot-record simulations (seealso Figure 3.11).
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Figure 3.8: Split-step zero-offset migration of the “exploding-r e ector ' data in Figure 3.7. There
is asigni cant amount of artifacts in the sub-salt area.

(1996)conducted a similar study comparing wave-equation (i.e., propagator basedimag-
ing) versus Kir chhoff migration (i.e., ray theoretical imaging).

The split-step migrated 'exploding-r e ector’ data are shown in Figure 3.8. Obviously,
the high velocity salt body presentsa problem for the split-step technique. Given the
ideal input data, the migration result is only fair. The artifacts in the sub-salt region are
due to the insuf cient wide-angle accuracy of the split-step approximation in the pres-
ence of high velocity contrasts (seealso Figure 1.3). The zero-offset migration obtained
with the split-step PSPIpropagator is seenin Figure 3.9. Overall, the split-step PSPImi-
gration producesamuch better imaging result than the faster split-step migration. How-
ever, the split-step PSPImethod shows slight de ciencies for the steepsalt ank, and not
all of the steepfaults in the sub-salt zone are properly imaged. To selectthe velocities
at each depth step, the adaptive algorithm described by Bagaini et al. (1995)has been
employed, averaging 5.7 reference velocities per depth step in this example. For com-
parison, Figure 3.10shows the result obtained with the split-step NSPSpropagator. The
images in Figure 3.9 and Figure 3.10are nearly identical. The samereference velocities

were used. Upon closeinspection the split-step NSPStechnique appearsto have imaged
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Figure 3.9: Split-step PSPIzero-offset migration of the “exploding-r e ector ' data in Figure 3.7.
The sub-salt areais cleanerand better imaged than in Figure 3.8.

the salt ank slightly better than the split-step PSPlalgorithm, but the differencesare
subtle.

An additional level of realism is added to the testsby generating nite-dif ferenceshot
records acrossthe model. Becausesurface sourcesare usedin the shot modelling, thereis
no guaranteethat all re ection points will beilluminated aseffectively asthey werewhen
modelled by exploding re ectors (O'Brien and Gray, 1996). In addition, internal multi-
ple re ections are now included in the data. Surfacerelated multiples are not present
becauseof an absorbing surface boundary condition. Figure 3.11is the zero-offset data
extracted from the full shotrecords. A comparison between Figure 3.7and Figure 3.11in-
dicatesthat the more “true-to-life' zero-offset section could pose challenging data quality
problems. Not all events seenin the “exploding-r e ector ' data are equally well repre-
sentedin the zero-offset data. The sub-saltimage produced by split-step DSR migration
is illustrated in Figure 3.12. The superimposed lines indicate re ectors to be imaged.
The split-step PSPIDSR migration in Figure 3.13bene ts from the multi-r eferenceveloc-
ity approach. The re ectors are better imaged and phase inconsistenciespresentin the

split-step migration have beenlargely resolved.

68



3.1. MIGRA TION

Horizontal Distance [km]
6 7 8 9 10 11 12 13 14 15

Depth [km]

Figure 3.10: Split-step NSPS zero-offset migration of the “exploding-re ector ' data in Figure
3.7. The image is nearly identical to the split-step PSPIresult in Figure 3.9. The split-step NSPS
technique hasproduced aslightly better image of the steepsalt ank than split-step PSPI.
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Figure 3.11: The zero-offset traces for the prole A-A' of the SEG/EAGE salt model. The data
were acquired using nite-dif ference simulations. Only the zero-offset traces are shown. The
migration examplesin Figures3.12and 3.13usethe corresponding offset data.
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Figure 3.12: Sub-salt image of the split-step DSR migrated dataset for the prole A-A' of the
SEG/EAGE salt model. The superimposed lines indicate some of the re ectors of the sub-salt
area. The migration used a total of 323midpoints with offsetsranging from 0to 2097m.
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Figure 3.13: Sub-saltimage of the split-step PSPIDSRmigrated datasetfor the pro le A-A' of the
SEG/EAGE salt model. Comparethis gur eto Figure 3.12.The split-step PSPIalgorithm handles
the largevelocity contrast better. Theimaged re ectors match the true model more closely. Notice
the impr oved phase consistency
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3.2 Least-squaresmigration

The following least-squares migration examplesfall roughly into two categories:

(post- and pre-stack) least-squares migration using re ection angle independent

operators, and
re ection angle dependent least-squaresmigration for AVP/A VA inversion.

The lack of compelling advantagesof the rst category over conventional migration pro-
vides the incentive for studying the latter, modelling/migration that considersangle/ray
parameter dependent CIGs. As it turns out, regularized least-squares migration for re-
ectivity inversion has the potential to perform considerably better than conventional

migration.

3.2.1 Angle independent least-squares migration

This section deals exclusively with examples investigating re ection angle independent
least-squares migration. That is to say, the generation of CIGs is not an option. The ben-
e ts of this rather simplistic approach are limited. Despite this somewhat pessimistic
assertion, the experiencegained from applying the various forms of least-squaresmigra-
tion makesit a worthwhile exercise. The perhaps more important ndings are discussed
in next sectionthat is devoted to least-squaresmigration for AVP/A VA inversion.

The potentials and limitations of least-squaresmigration are assessedtepwise. When
developing least-squaresalgorithms the rst testsusually involve the application of the
inversion algorithm to data modelled by the original forward operator itself. This is
useful to con rm the correctimplementation of the minimization algorithm. In addition,
the “adjointness' of the operator should always be con rmed with the “dot-product test'
(equation 2.3.4). Clearly, tests of this kind do not make any statement about the quality
of the operators themselves.

The rst example usesa simple bandlimited re ectivity model (Figure 3.14). The ex-
amined method is zero-offset least-squares migration using the split-step extended ver-
sion of the operator pair in equation (1.3.47)and equation (2.2.14)(Kuehl and Sacchi,

1999). Re ection angle independent least-squares migration amounts to minimizing the

71



3.2. LEAST-SQUARES MIGRA TION

Midpoint (km) Midpoint (km)
0 0.5 1.0 15 0 0.5 1.0 15
o ; ; o ; ;
2100
0.5 — —
2400 054
= @
[}
< 2600 o 2200 E
<10 =
o [}
8 g
= .

1.54 2400

1.5+

Model Data

Figure 3.14: Left: A simple re ectivity model convolved with a Ricker wavelet. The interval
velocities are in meters per second. Right: The zero-offset data generated by the forwar d split-
step modelling operator.

objective function (2.1.4). The “exploding-r e ector ' data in Figure 3.14, the presumed
surface data, have been generated with the forwar d (angle independent) modelling op-
erator. Noticeably, there are edge effectsin the data. Any artifacts causedby the forwar d
operator, and all intrinsic simpli cations diminish the robustnessof the inversion when
applied to real-world data. Nonetheless, it is instructive to perform the inversion on
the forwar d operator modelled data to assessthe algorithm's performance under ideal
conditions. The migration and the least-squares migration are depicted in Figure 3.15.
Least-squares migration removes almost all of the spurious energy after 5 iterations of
the CG algorithm (2.3.2). Only a few iterations are necessaryto achieve convergence.
The least-squares test is repeated for the re ection angle independent version of the
split-step DSRoperator (equations (1.3.51)and (2.2.9)).Figure 3.16shows four modelled
common-midpoint (CMP) gathers based on the re ectivity model in Figure 3.14 (left).
Five iterations of the pre-stackleast-squaresalgorithm suf ce to obtain a fairly good re-
sult in terms of artifact reduction (Figure 3.17).Unfortunately , neither angle independent
pre-stacknor post-stack least-squares migration prove to be a robust tool when applied
to seismic data that were generated by a more general modelling technique (e.g., nite

difference modelling). In other words, there is no guarantee that this somewhat “naive'
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Figure 3.15: Left: The split-step migration using the data in Figure 3.14. The application of the
adjoint operator causesresidual artifacts. The image amplitudes have beenclipped to emphasize
the dif ferencesbetween the migration and the model in Figure 3.14 (left). Right: In the least-
squaresmigrated image the artifacts are almost completely removed. The retrieved re ectivity is
closeto the true model after 5 iterations of the CG algorithm.

least-squares migration approach provides superior imaging when applied to well sam-
pled real-world wave eld data (Nemeth et al., 1999).0On the contrary, in the worst case,
artifacts canresult that otherwise would be absentfrom the conventionally migrated im-
age. On the other hand, if the wave eld sampling is sub-optimal the data weighting
operator in the objective function (2.1.4)takes effect and least-squares migration reveals

some of its potential.

Subsurface illumination

The following examples are intended to demonstrate that least-squares migration can
correctly balance the seismic amplitudes when the seismic wave eld is unevenly sam-
pled. In particular, the illumination issue caused by a strongly varying midpoint fold
is addressed. Figure 3.18 (top) shows the rst ve of atotal of one hundr ed midpoint
gathers obtained by Kirchhoff modelling (Bleistein et al., 2001). Figure 3.19(top) is the
split-step DSRmigration of the complete data. The model consistsof two types of re ec-
tors, labelled asre ector 1 and 2. Re ector 1 has about of the re ection amplitude

of re ector 2. Despite nite survey line effects, this ratio is well preserved for the most
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Figure 3.16:Four common midpoint (CMP) gathers modelled with the re ection angle indepen-
dent split-step DSR operator.

part of the migrated section. Figure 3.18(bottom) depicts the ve midpoint gathers af-
ter having randomly removed of the data in the rst half of the midpoint gathers.
This createsa severeillumination issuedue to astrongly non-uniform midpoint fold dis-
tribution. The migration of the incomplete data (Figure 3.19)shows incorrect re ection
strengths all acrossthe section, plus some spurious artifacts. Large parts of the image are
dimmed while the least-squaresmigration in Figure 3.19(bottom) retrieves the re ectors
after seven iterations with the correct amplitude ratio preserved. Figure 3.20 demon-
stratesthat least-squaresmigration gives robust results alsowhen random noiseis added
to the data. Theseexamples are encouraging. However, it is also true that conventional
migration in combination with an appropriate input data normalization is likely to pro-
duce comparable results. Zheng et al. (2001)investigate weighting strategiesto remedy
the effects of the acquisition footprint on Kirchhoff migrated gathers for AVA analysis.
They tested dif ferent techniques with mixed results, areaweighting (Canning and Gard-
ner, 1998)being the most promising approach. In any case,if more forgiving structural
imaging is the goal (i.e., the stacked seismic image) even a simple CMP fold normal-
ization balancesthe subsurface illumination suf ciently well. This re ects the ambiva-
lence of the stacking process. Stacking is tremendously healing for structural imaging

but, at the sametime, destroys valuable amplitude information. The angle independent
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Figure 3.17: Left: The migrated pre-stack data from Figure 3.16. Right: The pre-stack least-
squaresmigrated data after 5iterations of the CG algorithm.

modelling/imaging operators do not offer the option to generate CIGs. Consequentially,
least-squaresmigration is expectedto have morerelevancefor re ection angle dependent
migration/inversion than for structural imaging.

A different, data sampling independent, illumination issuearisesin media where the
velocity structure causesfocusing and defocusing effects (e.g., shadow-zones). As an
alternative to least-squares migration, the computation of the illumination operator can,
then, help to scalethe migrated section to compensate for these effects (Duquet et al.,
2000;Rickett, 2001). lllumination compensation can be critical when seismic data are to
be interpr eted in terms of amplitude anomalies (e.g., bright/dim spots). A step towards
this approachis discussedin Section2.2.2.As it stands,the proposedtechnique in Section
2.2.2is restricted to laterally invariant velocity elds and thereforeis of very limited use.

In spite of this important caveat, a constant offset illumination map (h = 100m) is
shown in Figure 3.21 (top) for illustration. The underlying velocity eld increaseslin-
early with depth. As in the previous examples, the midpoint fold is varying with a
reduction of about for the rst 50 CMPs. The dark shadesin Figure 3.21 denote
better illumination. The lateral variation in the illumination is obvious. Apart from that,
the lack of depth penetration due to the small offset is apparent. The constant offsets

illuminate arelatively narrow band centering around 0.2 km that soon peters out with
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depth. As expected,for larger offsets (600m) the deeper parts of the model becomebetter
illuminated (Figure 3.21(middle)). When all offsets (0 to 600 m) are included illumina-

tion is dominated by the lateral variance due to the irregular midpoint fold (Figure 3.21
(bottom)).

Alternatively , Duquet et al. (2000)employed ray-tracing to calculate the illumination
operator in arbitrary media. Mor e recently, Rickett (2001)favored wave eld propagators
for the sametask. He took advantage of a conjecture by Claerbout and Nichols (1994)to
normalize the migrated data. They observedthat after consecutive modelling and migra-
tion of a referenceimage, the ratio between the referenceimage and the modelled/de-
migrated image will be a weighting function with the correct physical units. Rickett
(2001) tested different reference images with partially promising results. Whether the
propagator approach offers any real advantages over the ray-tracing based technique

remains to be seen.
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Figure 3.20: Top: Incomplete CMP data with

random noise added. Middle: Migration of

the incomplete noisy data. Bottom: Least-squares migration of the incomplete noisy data (7 CG

iterations).
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Figure 3.21: Top: Near offset illumination map (100 m). Darker shadesmean better illumina-
tion. The underlying velocity eld increasedinearly with depth. Middle: Far offsetillumination
map (600m). Far offsets penetrate deeper than the near offsets. Bottom: The illumination map
computed for all offsets (0-600m). The illumination is dominated by the acquisition footprint,
especially the near surface.
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3.2.2 Least-squaresmigration for AVP/AVA inversion

Re ection angle dependent modelling/migration adds an extra dimension to the seismic
image. The ray parameter dependent CIGs carry meaningful and valuable AVP informa-
tion that is closely related to the target re ector AVA. The CIGs allow to incorporate a
smoothing regularization that impr oves robustnessof least-squares migration consider-
ably (Kuehl and Sacchi,2002). The objective function to be minimized is now equation
(2.3.1). It is important to study the selection of the inversion parameters: the tradeoff
parameter , and the smoothing length that is determined by the ray parameter
sampling interval. Synthetic ( nite-dif ference)data tests facilitate the determination of
parameter combinations that are likely to yield reasonableinversion result when, aswith
real-world data, the true solution is unknown. Moreover, subsurface models with in-
creasing complexity provide insight into the potentials and pitfalls of least-squares mi-
gration for AVP/A VA inversion in general.

The rst example is a simple, horizontally layered model. For 1-D earth models less
sophisticated techniques, such astrace-by-trace attenuation compensation (e.g.,compen-
sation for geometrical spreading) followed by NMO correction, that convert the data
into aform suitable for amplitude analysis canwork reasonablywell (Stolt and Weglein,
1985; Castagna, 1993). However, the relatively low computational cost of least-squares
migration in layered media greatly facilitates the study of various aspectsconsidering the
algorithm's performance. The second model is structurally slightly more interesting and
makesthe split-step approximation necessary However, it posesno real challengefor the
split-step propagator. The test primarily conrms that the AVP/A VA inversion formulas
also apply to dipping and moderately curved re ectors. The last example in this section
is the Marmousi model. As previously described, the Marmousi datasetis basedon a
variable velocity and density model. The intricate model structure makes the data very
realistic. Unfortunately , this complexity also complicates the comparison to the theoret-
ical AVA in equation (1.3.23).Rarely are the events seenin the CIGs due to simple, well
isolated interfaces. Most events are merely a superposition of re ections from a series
of layers and ne structure, and thus have complex AVA behavior. Despite the domi-

nating “composite re ectors’, two relatively well isolated re ectors have been picked to
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Velocity (m/s) | Density Thickness (m)
2.25 500
1.6 300
2.3 300
1.7 300
2.0 Half-space

Table 3.1: Parametersfor the horizontally layered model with 4 re ecting interfaces. The pa-
rameters have been chosen such that the absolute magnitude of the normal incidence re ection

coefcient doesnot exceed . This model is considered alow contrast medium. SeeFigure 3.24
for the angle dependent re ection coefcients. Polarity reversals( phasechanges)in the AVA
occur for the rst threere ectors. The last re ector exhibits a constant AVA characteristic.

demonstrate the bene ts (and pitfalls) of least-squaresmigration for AVP/A VA inversion

in complex media.

Horizontally layered model

The horizontally layered model consistsof four re ecting interfaces. The acoustic model
parameters in terms of compressional velocities and densities range from 1900m/s to
2500m/s and from 1.6 to 2.25 , respectively. Mor e details including the

layer thicknessesare speci ed in Table 3.1. All interfaces are well separated. Two meth-
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Figure 3.22: Left: CMP gather generated by a ray-tracing code. The code models (cylindrical)
geometrical spreading but no transmission effects. The offsetsrange from to m. The third
re ector is about one order of magnitude weaker than the rst re ector. Right: The same CMP
after randomly removing of the data.

82



3.2. LEAST-SQUARES MIGRA TION

0 R;%(? aranZ%tgr [mUG?)/Om] 800 et paran:l%tgr [mu6%/0m] 800
T
SRR I .f_dt.w‘%
“fiH{W\;{”f’ﬂfliﬁ;{,’“”" e | Wlmi“l“
,.»»,JT»U,W I N
e LTI Jiti
I TR

Figure 3.23: Left: Migrated CIG of the complete data. The offset ray parameter axis ranges from
to in stepsof . Right: Least-squaresmigrated CIG (4 iterations) of the complete
data.

ods to generatethe synthetic data have been chosenfor this example: a ray-tracing and
a nite-dif ference modelling technique. Unlike the nite difference algorithm, the ray-
tracer does not account for energy partitioning at the interfaces. Hence, a comparison of
the inversion results basedon the two synthetic datasetsrevealsthe effect of neglecting
transmission lossesin the inversion. For low contrast media the results are expectedto be
virtually identical. The example basedon the ray-tracing test data is described rst. The
ray-tracer takes advantage of the fact that, in a stratied medium, the ray parameter is
constant for a particular ray. The geometrical spreading has been calculated assuming a
cylindrical wavefront resulting in a ~ amplitude scaling, where is the distance trav-
elled by the ray. The CMP data are shown in Figure 3.22. They exhibit a clear amplitude
variation versus offset (AVO). The offsetsrange from to m incrementing by 11 m.
This correspondsto an offset-to-depth ratio of about  for the deepestre ector. Figures
3.22shows the same data after randomly removing of the live traces. The reduced
datasetis used when the performance of the data-weighting operator _ and the model
regularization in equation (2.3.1)are to be tested under more dif cult circumstances.Re-
moving data is a simple way of intr oducing errors in the data.

Figure 3.23depicts the migrated ray parameter CIG and the least-squares migrated

ray parameter CIG after 4 iterations of the CG algorithm. The apparent AVP of the mi-
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Figure 3.24: Left (R1-R4): AVA picked on the migrated CIG in Figure 3.23 (left). The labels
R1 to R4 correspond to the four re ectors from top to bottom. The absolute amplitudes have
beenpicked. All values have beenscaledwith the inverse of the ray parameter imaging Jacobian
for horizontal interfaces. The moduli of the true AVA are shown as solid lines. Right (R1-R4):
The same picks basedon the least-squares CIG in Figure 3.23(right) after 4 iterations of the CG
algorithm. No angle dependent scaling has beenapplied.

grated CIG is slightly compromised by nite aperture effects. The wavelet broadening
(dispersion) towards high ray parameters seenfor the rst re ector is explained by the
frequencytapering effectinherentin the radial trace transform (seealso Figure 1.10).The
migrated CIG is otherwise cleanand of good quality. The smearing due to the nite aper-
ture is mitigated in the least-squares migrated result. The tradeoff parameter was setto
and the ray parameter increment was resulting in a moderate
smoothing effect to ensure AVP/A VA preservation. Apart from some nite aperture ef-
fectsthe migrated and the least-squaresmigrated result are of comparable quality . This is
conrmed by the AVP to AVA converted amplitude picks in Figure 3.24. The amplitude
picking procedure involves the de nition of windows on the CIGs and the determina-
tion of the absolute values within thesewindows. Sincethe absolute values have been
picked sign changesappear as cuspsin the AVA curves. Note that the cusps are not in
contradiction to the smoothness constraint, since smoothnessis enforced on the CIGs,
not the AVA curves. Both the migrated picked AVA and the least-squaresmigrated AVA
match the theoretical AVA closely for a large range of incidence angles. Inevitable nite

recording aperture effects causethe AVA of all re ectors to eventually taper off to zero.
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Figure 3.25: Left: Migrated CIG of the complete nite-dif ferencedata. As opposed to the ray-
tracing data the wavelet has beenshifted to be zero-phase. This explains the slightly earlier onset
of all signals. Right: The corresponding picked AVA. The dashed line indicates the theoretical
cumulative error due to neglected transmission losses.

Next, synthetic data generatedby a nite-dif ferencealgorithm basedon the full acous-
tic wave-equation have been inverted. Figure 3.25 shows the migrated CIG and the
picked AVA. The CIG basedon the ray-tracing data in Figure 3.23and the CIG in Figure
3.25are very similar. Differencesare attributed to transmission loss, rst arrival muting
artifacts and aslightly narrower offset range for the nite differenceinput data. Further-
more, the highest frequenciesmay have beendistorted slightly by nite-dif ferencegrid
dispersion (Presset al., 1997).The picked AVA in Figure 3.25follows the theoretical AVA
closely. For comparison, the theoretical cumulative transmission lossesare also plotted
in Figure 3.25indicating that the transmission angle dependenceis weak in this case,but
can have a negative impact where the AVA is small.

Basedon the above ndings one can conclude that migration gives reliable AVA es-
timates in layered media, provided the data are well sampled along offset and noise
free. Of course, the inverse ray parameter imaging Jacobian needsto be applied.
Nonetheless, it is important to keep in mind that the primary data representation as-
sumesa low contrast medium and the absenceof ne layering. While constrained least-
squares migration helps to suppress spurious energy, the computing intensive least-

squaresmigration is expectedto be more compelling when the data sampling is poor.
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Figure 3.26: Left: Migrated CIG of the incomplete data. Right: Least-squaresCIG (14 iterations)
of the incomplete data. The data mist for the least-squaresmigration is shown in Figure 3.27.

To challenge the inversion algorithm input data with signi cant irregularity, the re-
duced CMP in Figure 3.22was inverted. The migrated CIG in Figure 3.26clearly bears
the stamp of acquisition footprint noise. The amplitudes are discontinuous along the ray
parameter axis, and thereis spurious energy betweenthe re ectors. Theleast-squaresmi-
grated CIG (14 CG iterations) in Figure 3.26is overall cleanerand exhibit a smooth AVP.
To ensure that the data weighting operator takes full ef-

fect the data residuals have been minimized to the point

where the data mist levels off to its plateau. Figure Zz \

3.27is the data mist up to 19 iterations of the CG al- ; or

gorithm. In this example, 14 iterations were suf cient to % Z: X

achieve a good inversion result. The picked AVA of the : os \\

migrated and the least-squares migrated CIGs are por- ZS T

trayed in Figure 3.28. The migrated AVA curves are dis-
torted. Especially, the AVA estimation for the two deep-

est re ectors is poor. On the other hand, when picked

Number of CG iterations

Figure 3.27: Normalized data
mist (incomplete data).

on the least-squares CIG the curves are smooth and follow largely the theoretical AVA.
For large ray parameters, where there is an abrupt changein the AVA due to the nite

recording aperture,the smoothing regularization averagessomeof the nite offseteffects

86



3.2. LEAST-SQUARES MIGRA TION

R1: R2: R1.

0.1 0.1
5 5

G 0.08 G 0.08
£ £

80.06 80.06
5] (5}
c c

004 004
o o
Q2 Q2

%0.02 Z0.02
14 [i4

0 0

0 20 40 60 0 20 40 60
Angle of incidence (deg) Angle of incidence (deg)
R3: R4: R3

0.1 0.1

g 0.08 G 0.08
b5 b5

©0.06 ©0.06
o o
c c

£0.04 20.04
15 15
Q2 2

=0.02 =0.02
14 14

0 0

0 10 20 30 0 10 20 30

Figure 3.28: Left (R1-R4):AVA picked on the migrated CIG in Figure 3.26(left).

Angle of incidence (deg)

Angle of incidence (deg)

: R2:

0.1 0.1
5 5
o} 0.08 G 0.08
= =
80.06 80.06
o o
c c
$0.04 £0.04
[5) [5)
2 K9
%0.02 50.02
[i4 [i4

0 0
0 20 40 60 0 20 40 60
Angle of incidence (deg) Angle of incidence (deg)

: R4:

0.1 0.1
5 8 o el
o} 0.08 o} 0.08
B B
©0.06 ©0.06
o o
c c
20.04 20.04
o o
2 2
%0.02 %0.02
[i4 [i4

0 0
0 10 20 30 0 10 20 30
Angle of incidence (deg) Angle of incidence (deg)
of the data

wererandomly setto zero prior to migration (seealso Figure 3.22).Right (R1-R4):The samepicks
basedon the least-squaresmigrated CIG (14 iterations) in Figure 3.26(right).

into the previously recoverableangle range. This is areminder that smoothing hasto be

applied with care to avoid solutions that are “too smooth' or "too at'.

the tradeoff parameter was

In this example,

. Compare this result also to Figure 3.24.

Figure 3.29shows the CIG basedon the incomplete data after 10 CG iterations and the

least-squares CIG when the data weighting operator
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Figure 3.29: Left:

in equation (2.3.1)is the identity
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?

Least-squares migrated CIG (10 iterations) of the incomplete data. Right:

Least-squaresmigrated CIG (14 iterations) of the incomplete data without data weighting.
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operator. The least-squares CIG after 10 iterations looks virtually identical to the one
after 14 iterations in Figure 3.26. In terms of amplitudes, however, the picked AVA in
Figure 3.30reveals subtle differences. The least-squares CIG without data weighting
exhibits residual wavelet distortions that are absentin the least-squares migrated CIG in
Figure 3.26.0bviously, the AVA curves in Figure 3.30are biased by the missing data. The
curves are merely a smoothed version of the migration resultin Figure 3.28.This example
supports the important point that weighted least-squares migration produces smooth
and clean solutions and yet ts the seismic data in a sensible way. That is, regularized
least-squares migration can be interpr eted as data consistent AVA smoothing.

The next example tests how random noise in uences the inversion result. To make
sure that the AVA is not too severely deteriorated noise with a moderate signal-to-noise
ratio of 10 has been added, where the maximum absolute amplitude de nes the signal
strength. Figure 3.31is the migrated and the least-squares migrated CIGs using the in-
complete and noisy data. Clearly, the additional noise hasfurther degraded the migrated
CIG. The least-squares CIG (14 iterations) is signi cantly cleanerand hasa smooth AVP.

The corresponding picked AVA is shown in Figure 3.32.As expected, the migrated AVA
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Figure 3.30: Left (R1-R4): AVA picked from the least squares-migrated CIG (10 iterations) in
Figure 3.29(left) shown asthe dot-dashed line. The crossedline is the previously shown result
after 14 CG iterations. Right (R1-R4): The picks based on the least squares migrated CIG (14
iterations) in Figure 3.29(right) where the data weighting operator has beenreplaced by the
identity operator.
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Figure 3.31:Left: Migrated CIG of the incomplete and noisy data. Right: Least-squaresmigrated

CIG (14iterations) of the incomplete and noisy data.

suffers signi cant distortions from acquisition footprint and random noise, whereasthe

least-squares migrated AVA matchesthe theoretical values much better, but is certainly

not perfect. The high noise level relative to the third re ector hascausedsome deviation

from the true AVA. The last testin this seriescon rms that this deviation is indeed due
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Figure 3.32: Left (R1

R4): AVA picked on the migrated CIG in Figure 3.31(left). The data were

incomplete and random noise with a signal to noise ratio of 10 (basedon the absolute maximum

amplitude) hasbeenadded. Right (R1-R4): The same picks from the least-squaresmigrated CIG

(14iterations) in Figure 3.31(right).
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Figure 3.33: Left: Migrated CIG of the noisy data. Right: Least-squares migrated CIG (4 itera-
tions) of the noisy data.

to random noise. This time, the input data were noisy but complete. SeeFigure 3.33for

the migrated and least-squares migrated CIGs. The associated AVA curves are in Fig-

ure 3.34. The least-squares migrated AVA curves are smoother than the migrated ones

with both showing essentially the sametrend. Sincethe data weighting operator

_ s

the identity matrix except for a few padded far offset samples, the data mist has not
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Figure 3.34:Left (R1-R4):AVA picked on the migrated CIG in Figure 3.33(left). White noise with
asignal-to-noise ratio of 10hasbeenadded. Right (R1-R4): The samepicks from the least-squares
migrated CIG (4 iterations) in Figure 3.33(right).
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beenminimized to its plateau. It seemsreasonableto conjecture that smoothing and am-
plitude scaling equivalent to the application of the inverse imaging Jacobiantakes effect

after afew iterations.
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Figure 3.35: Velocity (top) and density model (bottom) with a slightly dipping, a moderately
curved and dipping, and a at re ector. The at referencere ector is representedby a density
changeonly. The migrated and stacked sectionsare shown asoverlays.

Model with acurved interface

The previous model was restricted to depth dependent velocities allowing for afast com-
putational turnaround. The next model is also relatively simple but has lateral struc-
ture. Figure 3.35portrays the velocity and density elds. The data have beengenerated
by nite-dif ferencemodelling with offsets that range from 0to 1140m incrementing by

. The stacked split-step migration images a small portion of the model, shown
asoverlays in Figure 3.35.Figure 3.36is the migrated and the least-squaresmigrated CIG

at CMP location 4600m. The relatively coarseoffset sampling caused aliasing artifacts
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Figure 3.36: Left: Migrated CIG at CMP location 4600m (seeFigure 3.35).Finite apertur e effects
and offset aliasing cause spurious energy in the CIG. Right: Least-squares CIG (6 iterations) at
CMP location 4600m. Most of the spurious energy has beencleanedup. The picked AVA for the
secondand the thir d re ector are shown in Figure 3.37.

in the migrated CIG, whereasleast-squares migration (6 iterations with and

suppressesthe aliasing noise effectively. Figure 3.36 shows the picked
AVA of the middle and the bottom re ector. The dot-dashed line is the AVA when the
local dip angle in equation (1.3.33)is not considered in the AVP to AVA conversion. The
result con rms nicely that a specularre ection processalso holds for moderately curved

interfaces.
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Figure 3.37: Left: AVA for the secondre ector picked on the least squares CIG in Figure 3.36.
The dot-dashed line indicates the AVA without dip correction. Right: AVA for the third re ector
picked on the least-squaresCIG in Figure 3.36.
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The Marmousi model

The Marmousi model has been extensively described previously. As mentioned earlier,

imaging techniques based on the high-fr equency approximation (i.e., ray-tracing based

imaging) often struggle to produce a good structural image of the Marmousi model. The

relatively simple split-step wave eld propagator, on the other hand, yields good results.

This is con rmed by the migrated image in Figure 3.4 shown earlier. Here the focus is

on AVP/A VA inversion issues. The complex structure of the Marmousi model makes a

careful selection of the depth point whose AVA is to be estimated crucial. Two criteria

guided the selection process.First, the depth points should belocated in the upper half of

the model soasto ensure suf ciently large ray parameter/angle range coverage.Second,

to compare the inverted AVA with the theoretical AVA the picked re ection event, the

target, ought to be generated by a single, locally plane, interface. The Marmousi model is

complex with signi cant

CMP position [m]
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Figure 3.38: Left: Portion of the migrated and stacked Marmousi image. Right: CIG at CMP
location 7500m. The arrow indicates the re ector picked for AVA analysis.
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Figure 3.39: Left: Portion of the migrated and stacked Marmousi image. Right: Least-squares
migrated CIG (4 iterations) at CMP location 7500m.

tiple interfaces (‘tuning effects’) could be modelled and compared to the inverted CIGs,
but this approach has not been pursued. Given the relatively low frequency content of
the sourcewavelet only few re ections satisfy the “single interface criterion'.

Figure 3.38 shows the rst target re ector at CMP location 7500m. The left image
is a portion of the migrated and stacked Marmousi data with the arrow indicating the
picked target phase in the CIG. All available offsets of the Marmousi data have been
used in the migration. As it is often the casein reality, the near offsets up to 100 m
are missing. The consistent absenceof near offset information causesa dim region for
small ray parameters. Visual inspection of the gathers can help to identify regions of
missing data information. Theseareasshould be excluded from a subsequentinversion
for elastic/lithologic parameters. Figure 3.39shows the samemidpoint CIG after 4 itera-
tions of the least-squaresalgorithm using amoderate smoothing regularization ( ,

). The energy in the previously dim zone hasbeenpartially boosted. Never-

theless,the small ray parameter amplitudes have to beinterpr eted with caution. Overall,
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Figure 3.40:Left: Blow-up of the migrated targetre ector CIG and the picked AVA curve. Right:
Blow-up of the least-squares migrated target re ector CIG (6 iterations) and the corresponding
AVA. One hasto take care not to produce solutions that are ‘too at'.

the least-squares CIG exhibits impr oved wavelet continuity along ray parameter and ap-
pears more interpr etable. However, it is once more emphasized that the interpr etation of
the amplitudes in terms of specular re ections breaksdown where the target re ector is
strongly irregular or haslateral support on the order of the dominant wavelength or less.
In any case,as far as structural imaging is concerned, the stacked ray parameter CIGs
yield the familiar DSRmigration result.

Figure 3.40zooms in on the target re ector for both the migrated and the least-squares
migrated CIG. The picked AVA curves are shown below the CIGs. The AVA is biased by
the missing near offset traces. Despite its roughness, the AVA curve picked on the mi-
grated CIG agreeswith the theoretical AVA trend. The least-squares migrated AVA after
6 iterations is smooth and closerto the true AVA. However, a higher number of iterations
produces a solution that is "too at'. Since least-squares migration is computationally
expensive, one desiresto compute as few CG iterations as possible. A relatively high

tradeoff parameter yields smooth and cleaner CIGs fast but can also jeopardize the AVA
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Figure 3.41:Left: CMP data at location 7500m of the Marmousi model. Notice that the rst live
trace is at (half) offset 100m. Right: The CMP after removing of the live traces.

delity . Ideally, one would like to have a universal parameter that war-
rants AVA delity and yet produces smooth solutions ef ciently . Future testswill show
whether it is possible to come up with reliable, data independent values for
In order to test the effect of sub-optimal wave eld sampling of the Marmousi

data have been randomly setto zero. The CMP data at location 7500m in Figure 3.41
illustrate the sparsenessof the reduced dataset. The corresponding migrated and least-
squares migrated CIGs and their AVA curves are shown in Figure 3.42. The irregular
acquisition geometry has left a strong imprint on the migrated CIG, and the reduced
wavelet continuity is alsore ected in the AVA picks. Although the correct AVA trend ap-
pearsto be preservedthe footprint noise rendersareliable AVA t questionable, whereas
the least-squares migration (12 iterations) restores continuity and reducesthe footprint

noise considerably. A comparison with the least-squaresCIG using the full datain Figure
3.40con rms that almost all retrieved eventsarereal. The least-squaresAVA matchesthe

true AVA between 15 and 35 degrees. Missing data and perhaps smoothing have some-
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Figure 3.42:Left: Blow-up of the migrated targetre ector and the picked AVA curve (incomplete
wave eld data). Right: Blow-up of the least-squaresmigrated target re ector CIG (12iterations)
and the corresponding AVA (incomplete wave eld data).

what reduced the recovered angle range.

Figure 3.43illustrates the second location chosenfor an AVA study. The target re-
ector is dipping with and is located in the more complex, faulted area of the
Marmousi model. Figure 3.43depicts the least-squaresmigrated CIG for location 6200m
adjacentto the stacked migration. Figure 3.44zooms in on the least-squares CIGs based
on the complete and the incomplete data. The CIGs are strikingly similar. The wave eld
phasewith the strong positive anomaly for largeray parametersisidenti ed asthe target.
The picks with and without dip correction are plotted in Figure 3.44. The dip correction
helps to impr ove the match between the picked AVA and the theory. However, the match
between the picked and the theoretical AVA basedon the “single interface assumption' is
not quite asobvious asin the previous examples. This is attributed to ne structure AVA
effects and, possibly, cumulative transmission lossescaused by the relatively complex
overburden.

Finally, the Figures 3.45,3.46and 3.47compare constant ray parameter images (
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Figure 3.43: Left: Portion of the migrated and stacked Marmousi image CMP. Right: Least-
squaresmigrated CIG (4 iterations) at CMP location 6200m.

) of the migrated complete data, the migrated incomplete data and the least-
squares migrated incomplete data, respectively. The image quality in Figure 3.45is
clearly inferior to the migrated image in Figure 3.4. This is not surprising, since Figure
3.4is equivalent to the summation over all constant ray parameter images. Figure 3.46
depicts the migrated incomplete data in which kinematic artifacts due to missing data
have further deteriorated the image quality. Instead, the least-squaresmigrated constant
ray parameter image in Figure 3.47is comparable, and in many areaseven superior, to
the migrated complete data in Figure 3.45. In terms of kinematic artifact reduction, the
smoothing regularization hasavery similar effect asray parameter stacking.

Yet another way to glean the inversion successis by comparing the original input
data to the reconstructed data. The reconstructed data results from the application of
the modelling operator. Figure 3.48depicts both the complete and the reduced constant
offset (500m) Marmousi data. Figure 3.49is the reconstructed data after the rst CGiter-

ation basedon the incomplete input. The data gaps have beenpartially lled but streaks
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3.2. LEAST-SQUARES MIGRA TION

remain clearly visible. After 12iterations the wavefronts have beenlargely healed and the
energy is well balanced. The reconstruction agreeswell with the original data in Figure
3.48(top). Most of the dif ferencesare attributed to the single scattering approximation of

the modelling and migration operators.
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Figure 3.44: Left: Blow-up of the least-squares migrated target re ector CIG (4 iterations) and
the picked AVA curve (complete wave eld data). The dot-dashed line is the AVA without dip
correction. Right: Blow-up of the least-squares migrated target re ector CIG (12 iterations) and
the corresponding AVA (incomplete wave eld data).
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Figure 3.45: Constant ray parameter migration of the Marmousi model ( ). All
available wave eld data were used in the migration.
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Figure 3.46: Constant ray parameter migration of the Marmousi model ( ). Only
of the available wave eld data were used in the migration.
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Figure 3.47:Constant ray parameter least-squaresmigration image of the Marmousi model (
). Only of the available wave eld data were used in the least-squaresmigration.
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Figure 3.48: Top: Complete constant offset (500 m) Marmousi dataset. Bottom: reduced
constant offset dataset.
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Figure 3.49: Top: Reconstucted constant offset data after one CG iteration basedon the incom-
plete input data in Figure 3.48.Bottom: Reconstuucted constant offset data after 12 CG iterations.
Notice the wavefront healing effect.
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Chapter 4

Field data example

The concept of AVP/A VA imaging/inversion is applied to a real data example. Ana-
lyzing AVP/A VA trends aids the interpr etation of seismic data in relation to subsurface
rock and pore-spaceproperties. Rather than dir ectly inverting for elastic parameters, the
adopted strategy interpr etsthe AVP/A VA responseleaning upon a classi cation scheme
that relates AVP/A VA trends and anomalies to certain reservoir types (Rutherford and
Williams, 1989). This strategy is well established in “industry-style' seismic exploration
(Castagna, 1993). The seismic data have been acquired in the Gulf of Mexico and do-
nated by Western Geophysical for testing purposes. The Gulf of Mexico is known for
challenging sub-salt imaging issues. Mor eover, free surface related multiples and a low
primary-to-multiple energy ratio often hamper the image quality (Verschuur and Prein,
1999).Careful multiple attenuation during pre-processingis a prerequisite for AVP/A VA
analysis. Furthermor e, the velocity eld needsto beinferr ed from the picked NMO stack-
ing velocities (Dix, 1955).The pre-processeddata are then analyzed with the focus on the
angle behavior of a particular targetre ector. The aim is to determine whether the target
ts the AVP/A VA signaturethat is indicative of a gasbearing geologic formation. A pre-
viously conducted AVP/A VA study by Gratwick etal. (2002)identi es the re ector asa
so-calledclasslll bright spot (Rutherford and Williams, 1989).The anomaly is believed to
be causedby arelatively low impedance gasbearing sand that exhibits a high amplitude

anomaly on far offsets(i.e., large anglesor ray parameters).
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4.1. THE GULF OF MEXICO DATA

4.1 The Gulf of Mexico data

The provided line is located in relatively deep water (about 1400m). The following ac-

quisition parameters describethe initial eld data set(Verschuur and Prein, 1999):
shot numbers: 2000-3000,
shot interval: 87.5ft,
number of tracesper shot: 180,
farthest offset: -15993ft,
nearest offset: -330ft,
group (receiver) spacing: 87.5ft,
number of samples per trace: 2404,
time sampling 4 ms.

Figure 4.1shows a portion of the NMO corrected and stacked data ("brute-stack'). Dir ect
and refracted waves have been muted before NMO correction, and all distancesare con-
verted to the metric system. The areaof interestis the sub-salt re ector at about 3.6s at
CMP location around 18km. The rst order ocean-bottom surface multiple is easily iden-
tied and partially masksthe at targetre ector. The prominent salt body extendsalmost
all acrossthe shown part of the section. Together, the free surface, the oceanbottom and
the top and bottom of the salt body act as a potent generator of rst and higher order
multiples that are often dif cult to identify . The prominent rst order ocean-bottom mul-
tiple is particularly troublesome for the AVP/A VA analysis of the target re ector. Thus,
multiple suppressionis crucial. In summary, the following processingstepswere applied

prior to (least-squares) migration:
Directand refracted wave muting,

scaling to approximately transform the amplitudes from point sourcesto

lines sources(seeequation (1.3.61)),
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Figure 4.1: Brute-stack of the Gulf of Mexico data. The rst-or der oceanbottom multiple that
partially masksthe circled targetre ector is easily identi ed.

multiple suppressionby high resolution parabolic Radon Itering (Sacchiand Por-
sani, 1999).

Figure 4.2 is the stacked section after multiple suppression. Compare the stack to the
brute-stack in Figure 4.1. The at target re ector is largely freed from multiple energy.
The overlaid curves in Figure 4.2 are velocity pro les inferred from the picked stacking
velocities with the help of a "Dix inversion' algorithm (seebelow). In a strict sense,this
type of velocity inversion is applicable only to media with no or small lateral variations.
Sincethe area of interest does extend over the salt edges, Dix's velocity inversion is ex-
pectedto work suf ciently well. The spatially interpolated velocities serve asthe velocity

eld for the (least-squares)depth migration.

4.2 Velocity model building

Depth migration requiresthe input of a velocity model (i.e., interval velocities). The in-
terval velocities (Figure 4.2)are obtained from the stacking velocities using a 1-D regular-

ized least-squares Dix inversion'. The employed algorithm is similar to the one proposed
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Figure 4.2: Stack after multiple suppression. The rst order ocean-bottom multiple has been
largely removed. The overlaid curves indicate the CMP positions where velocity pro les have
beeninverted. The salt body shows asa strong high velocity anomaly in the pro les.

by Lizarralde and Swift (1999)for inverting vertical seismic pro le (VSP)data for inter-

val velocities. However, in this casethe forwar d operator is basedon the linear relation

between the squared stacking velocities and the squared interval velocities  (Dix,
1955):

- (4.2.1)
where the time axis has been subdivided into equally spaced intervals

. Equation (4.2.1)is simply the forwar d relation of Dix's well-known inversion
formula for velocities in a layered medium (Dix, 1955). The forwar d relationship (4.2.1)

is rewritten asaregularized least-squares tting problem:

(4.2.2)

where is the model vector with the unknown squared interval velocities, is the data
vector containing the stacking velocities and is the summation operator in equation
(4.2.1). An unregularized least-squares inversion of equation (4.2.1)is notoriously un-

stable for high frequency variations in the stacking velocities. Therefore the objective
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Figure 4.3: The migration velocity eld obtained by spatial interpolation of the 1-D least-squares
"Dix inversion' result and time to depth conversion.

function (4.2.2)is supplemented with a regularization term that penalizes roughnessin
the solution. A selector operator _ complements the rst-or der differential operator _
in order to disable the smoothing regularization at time locations of reliable re ectors.
Re ection times picked during the velocity analysis presenta natural choice for the se-
lector operator. The purpose of the selector operator is twofold. First, strong re ections
imply high quality data, hencean accurate t is desired for theselocations. Second,dis-
abling the smoothing regularization allows for the development of discontinuities in the
solution and thus honors the lithologic discontinuities which lead to the re ection in the
rst place. As aresult, the smoothing operator together with the selector operator yield
a 'blocky', edge preserving, rather than a smooth solution (Lizarralde and Swift, 1999).
The tradeoff parameter in equation (4.2.2)determines the degreeof “blockyness'. Since
the problem size is relatively small, the minimization (4.2.2)is solved by means of stan-
dard matrix inversion (Menke, 1984)rather than iterative gradient optimization. Finally,
the inverted interval velocities are converted from time to depth. The inverted interval

velocities for 4 selectedCMP locations in Figure 4.2show the characteristic high velocity
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4.3. AVP/AVA INVERSION

anomaly for the salt body. The lateral velocity variation is moderate in the areaof inter-
est, and thus justi es alinear interpolation between the inverted CMP locations (Figure
4.3).

4.3 AVP/AVA inversion

Both a migration and a regularized least-squares migration were carried out for the area
of interestdown to a depth of 4500m. The (least-squares)split-step DSR migration used
atotal of 220CMPs. The migration velocity eld is mildly varying in the lateral dir ection,

hencethe ef cient split-step corrected DSR operators should perform adequately.
Migration

Figure 4.4 depicts the stacked migration, the ray parameter CIG and a ray parameter
depth slice through the at target re ector. Apart from some apparent multiples, most
events in the CIG are at suggesting that the interval velocity eld is reasonably close
to the truth. Only a few sub-salt events show some residual move-out (‘frowns") which
indicates that the velocities have been overestimated in some parts of the model. Since
the stacked migration is neverthelessof fairly good quality, the extra effort involved in
oftentimes tedious velocity updating does not appear worthwhile.

The CIG and the depth slice con rm that the target re ector does indeed have the
characteristic of a classlll gas sand. This agreeswith the ndings by Gratwick et al.
(2002). The amplitude increaseswith ray parameter, where angle and ray parameter are
dir ectly related through . While the amplitude trend towards larger ray pa-
rametersis unambiguous, the small ray parameters are adversely affected by the initially
missing near offsets. This result exempli es how AVP/A VA analysis can aid the assess-

ment of a potentially gasbearing geologic structure.

Least-squares migration

The benet of least-squares migration is expectedto be limited, since no real data vari-
anceissuesare apparent for the well sampled marine data set at hand. As seenin the
synthetic data tests, migration yields good results in such cases.However, an impr ove-

ment in terms of the CIG's interpr etability due to ray parameter smoothing could be
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4.3. AVP/AVA INVERSION

achieved as demonstrated in Figure 4.5. Only 4 iterations of the least-squaresalgorithm
have been computed, enough for the smoothing regularization to take effect. In partic-
ular, the depth slice in Figure 4.5 appears lessrandom and emphasizesthe amplitude
anomaly better. Upon careful comparison of Figure 4.4 with Figure 4.5 one notices an
interesting side effect of least-squares migration that has not beendiscussedasyet: Reg-
ularized least-squares migration attenuates internal multiples with signi cant residual
move-out, and thus better resolvesthe top of the salt body in this example. Figure 4.6
zooms in on a small areafrom 16 km to 17 km horizontally and 1 km and 2.5 km ver-
tically. The migration and the least-squares migration are shown side-by-side and their
amplitudes have beennormalized with respectto the highly re ective salttop. The least-
squares migration has slightly higher resolution and images the faulted sediment struc-

ture better. The prominent rst order internal salt multiple is attenuated.
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Figure 4.4: The migrated (and stacked) data, the ray parameter CIG (right) and the ray parameter depth slice through the target
re ector (bottom). The vertical and the horizontal lines indicate the location of the CIG and the depth slice, respectively. The depth
slice shows increasing amplitudes with angle in the area of the target re ector. The events seenin the CIG are mostly at indicating
that interval velocity estimateis fairly good. The increasingamplitude with ray parameter for the target re ector is also apparentin the
ray parameter CIG.
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Figure 4.5: The least-squares migration after 4 iterations with moderate smoothing (

). The ray parameter CIG

(right) is smoother and more coherent along the ray parameter axis. The depth slice shown at the bottom re ects this aswell. The
increasedwavelet continuity makesthe computation of depth slicesfor AVP studies more robust. The stacked migration is very similar

to Figure 4.4. Somemultiple energy, especially within the salt body, is suppressed.
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Figure 4.6: Left panel: Parts of the migrated sediment structure and the salt body ranging from

16 km to 17 km in CMP location. Right panel: Least-squares migration of the same area. The
amplitudes of both sectionsare normalized with respectto the prominent top-salt re ector.
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Chapter 5

Computational aspects

The computation of (generalized) DSR modelling and imaging operators is demanding
in terms of number of oating point operations and memory allocation. An implemen-
tation in three spatial dimensions has not been attempted in this thesis, since even an
ef cient 2-D implementation of least-squares migration/inversion is a challenge. Stor-
ing full pre-stackdata in the computer's memory can exceedthe limits of today's com-
puters technology. For instance, a small 2-D seismic survey with 512 midpoints, 128
offsets and 1024time samples results in a dataset size of about 268 Mbytes. Depend-
ing on the utilized propagators (split-step propagation is more memory efcient than
split-step PSPI/NSPS propagation) multiple times this memory is required to perform
least-squares migration/inversion. The CG optimization can not be computed “in-place'
and temporary workspace hasto be allocated to perform various computational tasks. In
other wor ds, memory ef cient coding isimportant if larger and more realistic datasetsare
to be tackled. Moreover, phase-shift propagator techniques that attempt to account for
lateral velocity variations make substantial use of the fast Fourier transform (FFT).Gen-
erally, the Hermitian symmetry of the complex-valued Fourier transform causescompu-
tational redundancies in terms of oating point operations and memory requirements.
In practice, a combination of the FFTwith the well-known real-to-complex Fourier trans-
form is usually employed to avoid such complications (Presset al., 1997).As an alterna-
tive meansto the Fourier transform the inherently real-valued, non-symmetric Hartley
transform (Bracewell, 1986)is intr oduced into wave eld propagation (Kuehl and Sacchi,

1999;Kuehl etal., 2001).The Hartley transform automatically avoids the Hermitian sym-
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5.1. THE HARTLEY TRANSFORM

metry resulting in optimized code that is comparable in ef ciency to algorithms based
on the real-to-complex FFT.

5.1 The Hartley transform

Since the seismic wave eld is real-valued, the complex Fourier transform has Hermi-
tian symmetry. Hence, a brute force implementation leads to redundant operations and
memory allocation. The Hartley transform (Bracewell, 1986) can be used to optimize
such codes. The fast Hartley transform (FHT) is closely related to the complex FFT but
is more suitable for real-valued data becauseof its inherently real-valued nature. The
Hartley transform codesthe amplitude and phase of a real-valued function in a single
real-valued transform without symmetries. It satis es similar theorems equivalent to
those of the Fourier transform and can therefore replacethe FFT in virtually any appli-
cation that involves real-valued data (Bracewell, 1986). The Hartley transform has been
successfullyusedin other geophysical applications suchaswave eld modelling and data
Itering (Saatcilaretal., 1990;Saatcilarand Ergintav, 1991).A complete setof fast Hartley
transform algorithms is available in the literatur e. Here, the radix-2 decimation in time
FHT is exclusively dealt with. Referto Sorensenet al. (1985)for other implementations
of the FHT.

The 1-D Hartley transform and its inverse are given by

(5.1.1)

with the real-valued Hartley kernel (Bracewell, 1986). The
variables and denote the conjugate Hartley variables. The orthogonal Hartley trans-
form is related to the unitary Fourier transform and satis es similar theorems. For seis-
mic imaging an extension of de nition (5.1.1)to higher dimensions becomesnecessary

This extension is not obvious since
(5.1.2)
asopposed to the Fourier kernel, which is obviously separable:

(5.1.3)
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5.1. THE HARTLEY TRANSFORM

Both sides of equation (5.1.2)are used as 2-D Hartley kernels in the literatur e. Here, the
multiplicative de nition of the 2-D Hartley transform suggestedby Sundarajan (1995)is

adopted and referred to asversion I:

— (5.1.4)

with an obvious extension to the 3-D case:
— (5.1.5)
Someauthors refer to this de nition asthe” ' transform (e.g.,Bracewell (1986)).

Here, for stylistic reasons,the equations (5.1.4)and (5.1.5)are called (multi-dimensional)
Hartley transforms (version I), in agreement with Sundarajan (1995). Sundarajan also

de nes version Il of the 2-D Hartley transform:
_ (5.1.6)

where the argument of the kernel is the sum of the arguments of the 1-D kernels. How-
ever, the de nitions (5.1.4)and (5.1.5) are separable into 1-D Hartley transforms and
therefore computationally more convenient to obtain than version Il. Both versions of
the N-dimensional Hartley transform are orthogonal (Bracewell, 1986).

Figure 5.1to Figure 5.4illustrate the relation between the 2-D Fourier transform and
the 2-D Hartley transform (version ) for a 2-D boxcar function. This simple example
demonstrates how the Hartley transform conveniently storesall amplitude and phase

information in a single real-valued function.
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fx.y)

Figure 5.1: For illustration, a 2-D boxcar function is used asinput for two spectral transforms:
the 2-D Fourier transform and the real-valued 2-D Hartley transform (version 1). The resulting
spectraare shown in Figures5.2,5.3and 5.4.

Re{F(u,v)}

Figure 5.2: The symmetric real-part of the 2-D Fourier transform of the 2-D boxcar function in
Figure5.1.
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Im{F(u,v)}

Figure 5.3: The anti-symmetric imaginary-part of the 2-D Fourier transform of the 2-D boxcar
function in Figure5.1.
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Figure 5.4: The Hartley transform of the 2-D boxcar function in Figure 5.1. The Hartley trans-
form exhibits no symmetry and codes phase and amplitude information in a single real-valued

function.

119



5.1. THE HARTLEY TRANSFORM
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Figure 5.5: The "Hartley buttery' according to equation (5.1.8). The sine and cosine factors are
evaluated at — ,where isthe length of the discrete sequence(after Sorensenet al. (1985)).

5.1.1 The fast Hartley transform (FHT)

In accomdance with equation (5.1.1)the discrete 1-D Hartley transform (DHT) and its

inverse for alength-N sequence ,arede ned by (Bracewell, 1986):

— — (5.1.7)

A complete setof fast algorithms for computing the DHT can be found in Sorensenet al.
(1985),including a radix-2 decimation-in-time FHT. The FHT is based on the DHT de-
composition formula, which is similar to the Danielson-Lanczosformula for the discrete
Fourier transform (DFT) (Presset al., 1997). A length DHT is divided into two
length-N/2 DHT's, one over the even-indexed samples  and one over the odd-indexed

samples , and combined to form the DHT of the full-length sequence:
— — (5.1.8)

where the indices of the half-length transforms for the even and odd indices are evalu-

ated modulo . The decomposition formula (5.1.8)is applied recursively until length-2
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Figure 5.6: Relative computation times for the complex FFT, real-to-complex FFT and FHT asa
function of the transform length . The times have beenobtained on a Pentium processor

transforms are obtained. This structure resemblesthe fast Fourier transform (FFT) de-
rived by Cooley and Tukey (1965). Figure 5.5shows a owchart representation of equa-
tion (5.1.8),called the Hartley buttery . Sinceit is desired to compute the FHT "in place’,
four elements are included in each Hartley buttery to avoid overwriting an element
that will be needed later. Sorensenetal. (1985)provide aradix-2 decimation in time FHT
Fortran code basedon the described Hartley buttery . They also conduct a number-of-
operations count and show that, when coded ef ciently , the FHT takes only a few more
additions than an equivalent real-to-complex FFT. In this sensethe FHT can be regarded
asa meansto compute atime- and memory-optimized, real-valued spectral transform.
Figure 5.6 comparesthe computation times of the complex FFT, real-to-complex FFT and
FHT obtained in asimple testusing dif ferent transform lengths N. Theresult con rms the
number-of-operations count by Sorensenet al. and demonstrates that time saving bene-
ts over the complex FFT are increasingly signi cant with increasing transform lengths.
The extension to higher dimensions (version 1) is most easily accomplished by multiple

application of the 1-D FHT along the respective dimensions without loss in ef ciency.
However, this is not to suggestthat algorithms based on the Hartley transform are gen-
erally more ef cient than those making use of the real-to-complex FFT. The Hartley trans-

form is merely an alternative tool to the Fourier transform which might be attractive to
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5.1. THE HARTLEY TRANSFORM

practitioners developing ef cient algorithms that exploit the symmetries of the Fourier

transform.

5.1.2 Wave eld propagation using Hartley transform

To make use of the Hartley transform in wave eld modelling and migration all oper-
ations need to be posed in the Hartley domain. To this end all Fourier transforms are
replaced with Hartley transforms (version [). Three operations involved in modelling
and migration are affected by the domain change: the complex phase-shift propagator,
the split-step correction and the radial trace transform, and, of course, their respective
adjoint operations. All other operations are analogous to their Fourier counterparts, the
only difference being that they are real-valued. The expressionfor the 2-D phase-shift
propagator (i.e., ) is derived in Appendix E. The Hartley domain oper-
ation that replacesthe causal upward propagator in equation (1.3.44)is
(Kuehl et al., 2001):

(5.1.9)

where the wave elds are understood to be Hartley transformed over midpoint, offset
and time (version I). Two real multiplications substitute the complex phase-shift operator.
Adjoint downwar d wave eld propagation simply amounts to switching the sign in front
of the sine term. The “time-shift' theorem of the Hartley transform (Bracewell, 1986)
readily transfers the 2-D version of the complex split-step correction operator in
equation (1.3.52)to the Hartley domain (Kuehl et al., 2001):

(5.1.10)

where the superscript  signi es the split-step corrected wave eld with respectto the
sourcesand the receivers. Again, two real operations substitute one complex multiplica-

tion and a sign changein front of the sine term yields the adjoint. The extension to split-
step PSPI/NSPS propagation is straightforwar d. Kuehl et al. (2001)supply schematic

owcharts for angle independent split-step and split-step PSPImigration in the Hartley
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domain. If angle imaging/inversion is desired the operator pair and needs

to be expressedin the Hartley domain aswell.

5.1.3 Ray parameter modelling/imaging using Hartley transform

As it turns out, the Hartley version of ray parameter modelling and imaging and
, respectively, have the sameform astheir Fourier counterparts. First, consider the
imaging operator in the Fourier domain. Sincethe Fourier transformed wave eld
exhibits Hermitian symmetry,the nal step,the summation of frequency,

effectively becomes:

(5.1.11)
where denotesthe real part of the Fourier transform. Noting that
- (5.1.12)
where is the even part of the Hartley transformed wave eld, one
arrives at the imaging operator
(5.1.13)

where all involved quantities reside again in the Hartley domain (version 1). The adjoint

2-D modelling operator in the Hartley domain is now straightforwar d:

(5.1.14)

That is to say, switching from the Fourier to the Hartley domain leaves the form the

modelling and imaging operators untouched.

5.2 Parallel computer implementation

When computed sequentially even optimized 2-D generalized DSR propagators do not
yield an acceptableturnar ound for least-squares migration/inversion in complex media.

Fortunately, the propagators exhibit acomputational structurethat makesthem relatively
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Figure 5.7: Execution times for the parallel computation of the split-step DSR migration of the
Marmousi dataset (Figure 3.4). The code has beenimplemented in a shared-memory (SGI Origin
2400)and a distributed-memory computer architecture (Pentium cluster). Accessrestrictions to
the SGIl computer required a minimum usage of 8 processors.

easyto implement in a parallel computer architecture. Except for the operators that cou-
ple the wave eld to the re ectivity , and , and the dot-pr oducts in the CG
minimization routine in equation (2.3.2)all operations are completely separablein the
frequency domain. That is, wave eld propagation doesnot require inter-processorcom-
munication for different frequencies. Sincemost of the computational time during least-
squares migration is spent on wave eld propagation, this type of algorithm is suitable
for both shared memory and distributed memory computing architectures. The algo-
rithm is said to exhibit a coarsegrained computational structure (low communication-to-
computation ratio). A parallel implementation in either computer environment greatly
impr ovesthe feasibility of least-squaresmigration/inversion for medium sized datasets.
The 2-D split-step DSR pre-stack migration of the Marmousi dataset (Chapter 3) serves
asabenchmark for a comparative test. The computation times for the pre-stack DSR mi-
gration on a Pentium cluster (distributed memory) and for an SGI Origin 2400(shared
memory) are graphed in Figure 5.7. The overall turnaround on the Pentium cluster is
about two times slower than on the SGI. Clearly, both implementations scalenicely for

the tested number of processors.
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Discussion and Conclusion

The goal of seismic imaging is to invert the seismic surface data for the re ectivity of
the geologic subsurface structures. To make the non-linear inverse problem tractable
geophysicists usually decomposethe inversion into several linear sub-process.This de-
composition entails inevitable simpli cations of the underlying physics of wave motion.

Many dif ferent schemes,ranging from simple NMO correction followed by AVO analy-
sisto sophisticated tomographic inversion and 3-D pre-stackdepth migration, have been
devised to tackle the inverse problem. The complexity of the geologic environment to
be investigated, the data quality, economical considerations and other factors in uence

which schemeis the most appropriate for a particular imaging/inversion project. Sim-
pli cations are often motivated by necessity becauseof limited computer power. More
importantly , perhaps, abreak down into linear sub-processesadds exibility , control and
robustnessto the inversion. It is the task of the geophysicist to nd a pertinent compro-
mise between feasibility and delity to the nature of wave propagation and scattering. If
the angle dependent re ectivity inversion fails, it should fail gracefully rather than catas-
trophically with respectto the invoked simpli cations. For instance, the fact that depth
migration yields useful structural imagesalsowhen the observed angle dependencedoes
not agreewith a specularre ection processis invaluable to migration/inversion in com-
plex media.

In this thesis, linearized seismicwave-equation imaging/inversion hasbeencastinto
the least-squaresinversion framework. This is aninstructive approachto inversion, since
it yields both formulas that approximate the least-squares solution and iterative least-
squares algorithms that make use of well developed optimization techniques. Clearly,
the latter is computationally more demanding but also opensthe opportunity to regular-

ize the least-squares solution. Furthermor e, if the seismic data have signi cant variance
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least-squares migration is able to account for that. Regularized least-squares inversion
has proven to be bene cial in many other geophysical applications. Successfulexamples
are the 1-D impedance inversion and the high resolution Radon transform. It is there-
fore conceivable that also least-squares migration/inversion will be practically relevant.
Ray parameter dependent common image gathers are an excellent domain for model
spaceregularization. Penalizing roughnessin the re ection ray parameter CIGs helps to
retrieve solutions that are physically sensible. The logic behind the smoothing regular-
ization is basedon the notion that discontinuities or rapid amplitude changesalong ray
parameter/angle stem from numerical imaging artifacts and acquisition footprint noise.
The re ection angle dependenceis preserved, sinceit is slowly varying.

The theory of least-squares migration for AVP/A VA migration/inversion has been
presentedfor 3-D acousticmedia. This thesisfavors one-way wave eld propagators over
ray theoretical Green's functions, since propagators handle the seismic wave eld with
greatergenerality. They inherently account for multi-pathing and treat causticsproperly,
featuresthat are dif cult to honor with the high frequency approximation of the wave-
equation.

In a strict sense,the proposed algorithm is applicable only to compressional seismic
waves. The synthetic data examplesinvert for a uid- uid AVP/A VA characteristic. The
real earth, on the other hand, is elastic and Zoeppritz's equation for specular PP re ec-
tions governs the re ection angle dependence of compressional waves. However, this
does not affect the concept of regularized least-squaresmigration nor doesit changethe
algorithm itself when applied to compressionalseismicdata. One simply hasto be aware
of it. Most seismic surveys record predominantly compressionalwave energy and an ex-
tension to the full elastic casehas not been considered here. In practical terms, such an
extension would amount to a wave eld separation into compressional and shear wave
constituents and subsequentindependent AVP/A VA migration/inversion.

The regularized least-squares migration/inversion has been extensively tested with
the help of 2-D synthetic data examples. Thesetests are important, since the adopted
primary data representationis known to have limitations that cancompromise the inver-
sion result. The primary representation does not account for transmission loss and ne

structure ltering effectsdue to multiple scattering. Hence, inversion basedon this repre-
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sentation works bestin media with small to moderate medium contrast. The tested sub-
surface models range from simple to complex, with mostly small to moderate re ection

coefcients. The results underscore that regularized least-squares migration performs as
expected within its theoretical limitations. It is found that least-squares wave-equation
migration canretrieve AVP/A VA functions that, despite inevitable nite aperture effects,
are closeto the true AVA. In all examples,the smoothnessconstraint proves particularly

bene cial when the seismic data are compromised by incompleteness. Acquisition foot-
print effectsin terms of kinematic artifacts and amplitude distortion in the ray parameter
CIGs could be successfully mitigated in regularized least-squares migration.

In spite of the good results, it must be acknowledged that the AVP/A VA estimate ob-
tained from migration is comparable to that of costly least-squares migration provided
the imaging Jacobianis considered, the medium is moderately complex and the seis-
mic wave eld is optimally sampled. Contingent on the above points, migration is likely
to be the method of choice. This also implies that if a reliable data reconstruction of
incomplete data prior to migration is possible, least-squares migration may be replaced
with data reconstruction followed by amplitude scaledmigration (Duijndam etal., 2000).
There exists a variety of data reconstruction (interpolation) techniques (e.g.,Duijndam et
al. (1999)). However, for sparse data in complex media data interpolation tends to be
unreliable, while regularized least-squares migration/inversion has the advantage of a
model constraint that enhancesrobustnessand gives good results even for very sparse
data. Data interpolation schemes,in general, lack a comparable physical regularization
constraint. Therefore, they are likely to be lessrobust under very sparse conditions. A
systematic comparison of data reconstruction versus least-squares migration is beyond
the scopeof this thesis, albeit desirable in the futur e.

The synthetic data testsare con rmed by the 2-D eld data example. The datasetis
from the Gulf of Mexico and exempli es a typical sub-saltimaging situation. The tar-
get is a potentially gas bearing sand whose AVA is characterized by an increasein the
re ection amplitude with angle. The marine data are well sampled and have no appar-
ent data variance issue. While the expected AVP/A VA trend could be well reproduced
with conventional migration, the least-squares migration CIGs are smoother and more

interpr etable. Some multiple energy could be attenuated aswell. This is a promising
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result, but much more experience with sparser and more challenging datasetsneedsto
be gathered in order to better assessthe bene ts of regularized least-squares migration
for real-world data.

Dense wave eld sampling is typical for marine data. Data acquired on land is of-
ten signi cantly more irregular. The incomplete data issue is particularly troublesome
when imaging/inversion is to be carried out in threespatial dimensions. This is because
of the often encountered sparsenessand irregularity of 3-D seismic surveys owing to
economical and practical reasons. It is expected that least-squares migration becomes
particularly bene cial in such cases. Unfortunately , a computer implementation of the
3-D least-squareswave-equation migration is a major obstacle. The 3-D phase-shift type
propagators that are amended for complex media make substantial use of 4-D Fourier
transforms. A time-ef cient computation of theseis at the limit of today's computer
technology. Efciency is paramount, since geophysicists demand a fast turnaround in
order to conduct parameter and performance teststhat allow them to develop effective
processing strategies. The real-valued Hartley transform as an alternative to the com-
plex valued Fourier transform has been employed to optimize the computation of the
wave eld operators. However, the Hartley transform must be regarded as a mere alter-
native and does not entail an optimization level that can not be achieved with Fourier
transform techniques. Fortunately, the 2-D implementation in a parallel computer en-
vironment (shared or distributed memory) yields excellent speed-up performance. It is
therefore only a matter of time before a parallel 3-D implementation of (least-squares)
wave-equation migration becomesfeasible. The regularized least-squares approach is

expectedto unfold its full potential in 3-D seismology.
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Appendix A

High frequency approximation

Consider the source-freeacoustic wave-equation (1.1.8)for constant density:

- (A.0.1)
wherethe velocity is slowly varying. Assuming atime harmonic wave eld,
(A.0.2)
one arrives at the reduced wave-equation or Helmholtz equation:
— (A.0.3)
In the ray theoretical approachone seeksa solution of the form , Where
is called the eikonal, is the slowly varying amplitude and the frequency is as-

sumed to be large (high frequency approximation). Upon inserting this ansatzone nds:

— (A.0.4)
This condition is approximately satis ed if:
— (A.0.5)
which is the eikonal equation, and
(A.0.6)

which is the transport equation. The high frequency approximation is violated where

amplitudes have a strong spatial dependenceasin the vicinity of velocity discontinuities
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or at focal points or caustics (Cerveny, 1985). Ray-tracing nds the trajectories that are

perpendicular to the wavefronts de ned by
— (A.0.7)

where isthe arclength of the ray and isthe ray vector. It is convenient to intr oduce the
slownessvector -— that has magnitude - and is tangential to the ray. The
ray trajectories are found by (numerically) integrating a system of rst order equations

(ray-tracing system) (Cerveny, 1985):
— and — - (A.0.8)

Since
- — — o — - (A.0.9)

integration along the ray solution yields the eikonal (i.e., travel-time):
_ (A.0.10)

The transport equation (i.e., amplitude) is solved by meansof dynamic ray-tracing (Cer-
veny, 1985). Dynamic ray-tracing nds the local wavefront curvatur e about the cen-
tral ray up to the second order (parabolic wavefront). The rst order corresponds to
a local plane wave approximation and gives rise to the relationship between slowness,

wavenumber and temporal frequency:
— (A.0.11)

Dynamic ray-tracing also allows for the extrapolation of travel-time information with
respectto the central ray. Figure A.1 and Figure A.2 illustrate numerical ray-tracing and
travel-time extrapolation basedon the secondorder approximation, respectively, for the

Marmousi velocity model. In Kirchhoff migration/inversion the Green'sfunctions are of

the form:

(A.0.12)
wher e the amplitude is the solution of the transport equation for a point source
at and is the corresponding travel-time.
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Figure A.1: A sample shot with a ray fan consisting of 161 rays superimposed on the
smoothed Marmousi velocity model. Note the shadow zonesand caustics. For suf cient
coveragewith travel-time information extrapolation becomesnecessary
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Figure A.2: A sample shot with with rays and travel-times. The travel-times are extrapo-
lated from 161 central rays by a parabolic wavefront approximation (Beydon and Keho,
1987).The travel-times are given in seconds.The solid areasindicate that no travel-times
are available.
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Appendix B

Radial trace transform (RTT)

Consider the transform (Ottolini and Claerbout, 1984):

(B.0.1)
A temporal Fourier transform vyields the equivalent equation:

(B.0.2)
where . This is written as:

(B.0.3)

This is the radial trace transform (RTT) in the offset wavenumber/fr equency domain as
illustrated in Figure 1.10. The RTT maps cones from the into cylinders in the

space. That is, in 2-D, radial lines are mapped into lines parallel to the axis.
In practice, this mapping requires data interpolation in the gridded space. The
adjoint  of the radial trace transform, relevant to modelling, achievesthe opposite by
mapping data points located on concentric cylinders in the spaceinto conesin the

space:
(B.0.4)

where the tilde sign indicates that the numerical RTT is not exactly invertible. In seismic

imaging/inversion the RTT transform occurs always in conjunction with a summation
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over frequency (imaging condition). For modelling and migration the adjoint operator

pair results:

(B.0.5)

where s the identity with respectto frequency.
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Appendix C

2.5-D stationary phase approximation

The goal is to approximate integrals of the form

(C.0.1)

where is called the phase function and is a parameter. As the parameter gets
large, the integrand becomeshighly oscillatory, effectively summing to zero exceptwhere

the phasefunction is stationary (Scales,1997).The method of stationary phaseallows for

an approximation of this type of integral. |If has a stationary point in the
interval and in a good approximation for the integral (C.0.1)is
achieved by

— (C.0.2)

provided isnot singular for  (Bleistein and Handelsman, 1986).The stationary phase

approximation is invoked for the integral in equation (1.3.58).Let

(C.0.3)
with
S = e
,and . One nds:
(C.0.5)
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and

— (C.0.6)

Hence, the stationary phase approximation is:

- (C.0.7)

where it is understood that all involved quantities are to be evaluated at the stationary

point
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Appendix D

Ray parameter imaging Jacobian

Sinceray parameter imaging is carried out for a constant offset slowness, the dispersion

relation for  is expressedasa function of

_ _ — S (D.0.1)
The imaging Jacobianbecomes(Savaet al., 2001):

— — (D.0.2)
which is arranged to:

B (D.0.3)

Note that for horizontal interfaces ——, where s the specular incidence
angle, and the Jacobiansimpli es to (Wapenaaretal., 1999):

- (D.0.4)

All involved quantities are understood to be evaluated locally at the target re ector.
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Appendix E

Phase-shift operator in Hartley
domain

To avoid notational clutter, the causal, upward extrapolated 2-D wave eld is denoted
by a prime, , and the subscripts and
dif ferentiate between the Hartley transformed wave elds according to version | and

version Il, respectively. For zero-offset propagators is setto zero.

Zero-offset phase-shift operator using Hartley transform (version 1)

The 2-D Hartley transform (version |) is expressedasthe sum of its even part

and its odd part

— (E.0.2)

— (E.0.2)

Comparison of the real part and the imaginary part of the
2-D Fourier transform with (E.0.1)and (E.0.2)yields:

(E.0.3)
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With , the relations (E.0.3),and the
Fourier zero-offset phase-shift operator the Hartley domain zero-offset phase-shift oper-

ator (version 1) is found by dir ect substitution after a few algebraic steps:

(E.0.4)
Offset phase-shift operator using Hartley transform (version I)
Given that version Il of the 3-D Hartley transform satis es

(E.0.5)
one caneasily nd the corresponding offset phase-shift operator (version II):

(E.0.6)

Using the addition formulas for cosine and sine in three dimensions (Bronstein et al.,
1997),the following relations between versions | and Il of the Hartley transform are de-

rived:

(E.0.7)

and

(E.0.8)

which meansthe samerelation holds in both dir ections. Noting that sine terms change

their leading sign for negative frequenciesto honor causality, the relations (E.0.6),(E.0.7)
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and (E.0.8)are usedto nd the offset Hartley phase-shift operator (version I):

(E.0.9)

That is to say, the complex phase-shift term is replaced by two real multiplications in the

Hartley domain.
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